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Abstract

Entanglement for Multipartite Quantum States

Eylee Jung
(Dept. of Physics)
Advisor  Dae Kil Park

In this thesis we have reviewed the recent results on the pure- and mixed-state en-
tanglement. We have shown explicitly that the geometric and Groverian entanglement
measures for the three-qubit pure states can be expressed in terms of some geometric
quantities of polygons constructed by the parameters of given quantum state. The ge-
ometric interpretation of the quantum entanglement may shed light on the profound
meaning on the multipartite entanglement. We have discussed this issue in detail.
For mixed-state entanglement we have developed the calculational technique for the
residual entanglement or three-tangle by considering the rank-3 mixture composed of
Greenberger-Horne-Zeilinger (GHZ)-, W- and flipped W-states. We also have shown
that in addition to W state the three-tangle does not properly quantify the tripartite
entanglement of mixed state composed of only GHZ-states. This means that some
mixtures composed of only GHZ-states can be expressed in terms of only W-states.
This surprising result may shed light on the fact that the set of the mixed W-states
is not of measure zero in the set of whole three-qubit mixed states.
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Chapter 1

Introduction

Research into entanglement of quantum states has a long history, and approximately
initiated from the beginning of quantum mechanics[1, 2]. Especially, the famous paper
written by Einstein, Podolsky, and Rosen (EPR) discussed carefully the validity of
the quantum mechanics as a theory which can explain the physical reality. They
asserted that entanglement of the quantum states makes the quantum mechanics to
be non-local theory and therefore, it is not a complete theory. The EPR’s claim is
based on their view of nature that the theory which can explain the laws of nature
should be local. Nowadays, their argument is known as EPR paradox and still the
validity of the paradox is intensively discussed by many theoretical and experimental

scientists.

After 30 years from the EPR’s original paper J. S. Bell re-examined the EPR
argument. Firstly, he accepted the EPR’s argument that quantum description of the
physical reality is not complete. In order to make the quantum theory local, therefore,
he developed a concept of the local hidden variable (LHV). Bell proved that the
introduction of LHV imposes a constraint on statistical correlation. Nowadays this
constraint is called Bell’s inequality[3, 4]. Therefore, any local theory should obey
the Bell’s inequality, but suitable measurements for some entangled quantum states
does not obey the Bell’s inequality. Therefore, the agreement or disagreement of the

Bell’s inequality becomes a cornerstone of the local or non-local theories.

Later, violation of the Bell’s inequalities has been demonstrated using the po-
larization of photons([5, 6]. It turned out that experimental results are excellently in
agreement with the predictions of quantum mechanics. Apart from photon’s polar-

ization the violation of Bell’s inequalities has been demonstrated by using photon’s
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entanglement based on position and time|[7, 8], phase and momentum[9], and orbital
angular momentum|[10]. Also, there were several more experiments, which have not
used photon but used proton[11] and atoms[12]. It is worthwhile noting that to date
no experiment has been loophole free, so that technically, EPR argument on local
realism has not been ruled out experimentally[13, 14].

Although entanglement has been studied for a long time, a flurry of much activ-
ities on the entanglement was initiated from early 80’s in the context of quantum
information theories[15]. In 1982 and 1986 R. Feynman suggested a computer which
performs computation with obeying the quantum mechanical rules[16, 17]. This com-
puter is now called quantum computer. At the same time Bennett and Brassard[18§]
suggested the quantum cryptographic scheme, which is much more secure than the
classical cryptography against the eavesdropping. This is nowadays called BB84 pro-
tocol.

The quantum computation and quantum cryptography are two major applica-
tions of the quantum information processing. Entanglement of the quantum states
plays an important role in the quantum information processing. In early 90’s it was
shown[19] that entanglement of the quantum states' makes it possible to teleport an
unknown quantum state to the remote receiver. It also makes it possible to send two
classical bits by sending only one quantum bit, say qubit[20]. These two phenomena
are nowadays called quantum teleportation and superdense coding respectively and
they are basic tools for the quantum information processing. In 1991 Ekert[21] sug-
gested a new quantum cryptographic protocol, which fully uses the entanglement of
the two qubit states unlike BB84 protocol. In 1994 Shor[22] developed a factoring
quantum algorithm by making use of the entanglement, which factors a huge number
within a polynomial time. In addition, in 1996 Grover[23, 24] developed the quan-
tum search algorithm, which enables us to find a card from arbitrary N cards within
VN steps. Recently, Shor’s factoring algorithm is experimentally realized by making
use of NMR|25] and optical[26, 27] set-up. The physical implementation of Grover’s
search algorithm also has been made by making use of NMR[28, 29], optical[30] and
cavity QEDI[31] set-up.

From the theoretical ground Vidal[32] has shown that entanglement of the given
quantum states is a genuine physical resource, which is responsible for the speed-
up of the quantum computer. To understand more deeply the general properties
of the entanglement one may need to quantify the entanglement[33]. Quantification

of entanglement can make transition from merely quantum mechanical “notion” to

Lthis is usually called quantum channels on the contrary to classical channels such as telephone
line or broadcasting.



physical real quantity. Such quantities are called entanglement measure.

The most important property which the entanglement measure should have is
the monotonicity under the local operation and classical communication (LOCC)[34].
Following the axioms given in Ref.[33] many entanglement measures were constructed
such as relative entropy|[35], entanglement of distillation[36] and formation[37, 38, 39,
40], geometric measure[41, 42, 43, 44], Schmidt measure[45] and Groverian measure[46].
Entanglement measures are used in various branches of quantum mechanics. Espe-
cially, recently, they are used to try to understand Zamolodchikov’s c-theorem|[47]
more profoundly. It may be an important application of the quantum information
techniques to understand the effect of renormalization group in field theories[48§].

Recent research into entanglement can be summarized as following.

1.0.1 Separability Criterion

It is important to determine whether a given quantum state is separable or entangled.
Until now several criteria are developed such as positive partial transpose (PPT)
criterion[49, 50], reduction criterion[51], and majorization criterion[52].

The PPT criterion can be summarized as follows:

if the given quantum state p is separable, its partial transpose, say p'4 is positive
operator.

It was shown in Ref.[50] that for bipartite systems the converse (i.e. if pT4 > 0,
then p is separable) is true only for low-dimensional systems, namely for composite
states of dimension 2 x 2 or 2 x 3. For higher dimensions it is only necessary condition
because the existence of entangled states has been shown[53]. Such states are called
bound entangled states[54].

The reduction criterion can be summarized as follows:

if the given quantum states p is separable, then pa@ 1 —p > 0 and ppR1—p > 0,
where pa = trgp and pp = trap.

Like the PPT criterion the reduction criterion is a necessary and sufficient con-
dition only for 2 x 2 or 2 x 3, and necessary condition otherwise.

The majorization criterion can be summarized as follows:

if a given quantum state p is separable, then )\i =< /\,l)A and /\,l) =< )‘}33'

Here, /\[l) denotes the vector consisting of the eigenvalues of p, in decreasing order
and a vector 2! is majorized by a vector y', denoted as zt < y!, when Z?:l le <
2521 yJl holds for K =1,2,--- ,d — 1 and the equality holds for k = d, with d being
the dimension of vector. The majorization criterion is only necessary, not a sufficient

condition for separability.
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Besides these criteria there are non-operational separability criteria such as pos-

itive map[50] and entanglement witnesses[55].

1.0.2 Entanglement Distillation

As mentioned before entanglement is a genuine physical resource for the quantum
information processing. For example, quantum teleportation with noisy quantum
channel makes the fidelity[56] decrease, which reduces the teleportation processing
imperfect[57]. Since the effect of the environment, which prevents the quantum sys-
tem from being isolated, is inevitable, one has to find a method which overcomes the
noises, at least in principle. This method is called entanglement distillation.

So far there are two kinds of the distillation protocol. First one is a recurrence
(or IBM) protocol developed in Ref.[37, 58]. Second method is a Quantum Privacy
Amplification (or Oxford) protocol developed in Ref.[59]. Even if the methods are dif-
ferent in the detailed techniques, the overall method is identical: given several copies
of the non-maximally entangled states, retrieve the small number of the maximally
entangled states via LOCC and appropriate measurements. The distillation protocols

are nicely reviewed in Ref.[60].

1.0.3 Classification of quantum states

There is an important question in the context of the distillation process. Given an
entangled quantum state, can its entanglement be distilled? In general, this question
is still unsolved. However, a necessary and sufficient criterion for distillability was
proved in Ref.[61]. The condition can be summarized as follows:

Te state p is distillable iff there exists [?) = aile1)|f1) + az|e2)|f2) such that
(®2[(p"*)®"[4%) <0 for some n.

In other words, if for a certain n copies the partial transpose of the total state has
a negative eigenvalue with some vector of Schmidt rank 2, then p can be distillable
(one says: p is n-distillable), and vice versa.

From this condition it follows immediately that a state with a PPT-entangled
states cannot be distilled: if pT4 > 0, then (p?4)®™ > 0, and thus PPT-entangled
states are undistillable. This is why the entanglement of the PPT-entangled states is
called “bound entanglement”.

Besides the PPT-entangled states are there any other undistillable entangled
quantum states? This question is also unsolved yet. If such states exist, we call
them non-positive partial transpose (NPT)-entangled states. For higher dimensions
a strong conjecture that NPT-entangled states exist[62, 63]. Then, the set of the

4



Figure 1.1: Characterization of the quantum states in terms of the distillability.

quantum states can be classified in terms of the distillability or undistillability as
Fig. 1.

In this thesis we will present the recent results on the analytic derivation of the
entanglement measures. In section II we will present three theorems, which plays
crucial role in the following calculations performed in the subsequent sections. This
section is based on Ref.[64]. In section III by making use of the theorems of the
previous section we compute the geometric (and/or Groverian) entanglement measure
for the 3-qubit generalized W-state[65] defined as |¢) = a|100) 4 b|010) + ¢|001). It
is shown in this section that the geometric entangled measure of the W-state is
expressed by two different ways depending on the region of the parameter space.
First expression is expressed in terms of the largest coefficient o? = max(a?, b?, ¢?),
and second one is expressed in terms of the circumradius of the triangle (a, b, ¢). This
section is based on Ref.[66]. In section IV we generalize section III by considering the
3-qubit state ) = a|100) + b|010) + ¢|001) + d|111). It is shown that the geometric
measure for this state has two different expressions. As generalized W-state first
expression is expressed in terms of the largest coefficient a? = max(a?,b?, c2, d?).
Second one is expressed in terms of the circumradius of the convexed quadrangle
(a,b,c,d). This section is based on Ref.[67]. In section V we use the classification
of the 3-qubit states suggested in Ref.[68]. Using the classification we compute the
geometric measures for states in Type I, II, and III, and re-express the results in terms
of the local unitary (LU)-invariants. This section is based on Ref.[69]. In section VI

5
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we try to extend the previous section by computing the geometric measure for the
higher qubit systems. In this section we compute the geometric measure for the

one-parametric n-qubit states
|[W,) =all0---0) +al01---0) +---+al0---10) +¢|0---01)
and two-parametric 4-qubit W-state
|W4) = a|1000) + 5|0100) + ¢|0010) + ¢|0001).

This section is based on Ref.[70].

From section VII we present the recent results on the entanglement of the mixed
states. After developing the calculational techniques for the concurrence of the arbi-
trary two-qubit mixed states by Wootters[38, 39], this technique is used to construct
the tripartite entanglement measure, so-called residual entanglement or three-tangle
in Ref.[71]. In fact, the three-tangle derived in Ref.[71] exactly coincides with the
modulus of a Cayley’s hyperdeterminant[72, 73] and is an invariant quantity under
the local SL(2,C) transformation[74, 75]. After six years from the construction of
the three-tangle in Ref.[71] Lohmayer et al[76] derived analytically the three-tangle
for the mixture of Greenberger-Horne-Zeilinger(GHZ)[77] and W[65] states defined

p=pIGHZ)GHZ|+ (1 - p)[W)(W]| (1.1)

where
1 _1
V2 V3

It was shown that in Ref.[76] that the three-tangle for the quantum state p given

IGHZ) = — (|000) + |111)) W) (J100) + [010) + [001)).  (1.2)

in Eq.(1.1) has three different expressions depending on the parameter p. It was
also shown that the three-tangle and concurrences for the sub-systems satisfy the
monogamy inequality

73+ Cap +Cic < Cinoy (1.3)
where 73 is a three-tangle and, C% 5, C3, and 0124( By are concurrences for the cor-
responding sub-systems. The authors in Ref.[78] extended the results of Ref.[76] by
computing the three-tangle for the mixture of the generalized GHZ and generalized

W states as following:
p(p) = plgGHZ)(9GHZ| + (1 — p)|gW ) (gW | (1.4)
where
|gGHZ) = a|000) + b|111) |gW) = ¢|001) + d|010) + f[100). (1.5)

6



In Ref.[79] the general properties of the three-tangle are more deeply discussed by
introducing two key concepts, zero-polytope and characteristic curve. Therefore, the
result of Ref.[79] can be used to check whether or not the calculational result for the
three-tangle is correct.

In section VII we compute the three-tangle for the rank-3 mixture, i.e. mixture
of GHZ, W, and flipped-W states. In this section we also provide a technique, which
determines whether or not an arbitrary rank-3 state has vanishing three-tangle by
making use of the Bloch sphere S® of the qutrit system. This section is based on
Ref.[80]. In section VIII we show that the three tangle does not properly quantify
the tripartite entanglement of some particular mixture composed of only GHZ states.
This is a surprising result, which has not been expected before. This fact may shed
light on the physical reason why the set of the mixed W-states is not of measure
zero in the set of whole 3-qubit mixed states, which was discussed in Ref.[81]. This
section is based on Ref.[82]. In section IX we give a brief conclusion and direction of

future research.
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Part 1

Entanglement for pure states






Chapter 2

Reduced state uniquely
defines the Groverian
measure of the original pure

state

Quantum theory opens up new possibilities for information processing and commu-
nication and the entanglement of a quantum state allows to carry out tasks, which
could not be possible with a classical system [83, 37, 36, 33, 84, 39, 85, 86]. It plays
a pivotal role for exponential speedup of quantum algorithms [32], teleportation [19]
and superdense coding [20].

The quantum correlation is the essence of the entanglement and it cannot be
created by local operations and classical communication (LOCC) alone. Analysis of
multi-particle entanglement provides insight into the nature of quantum correlation.
However, current situation is far from satisfaction.

Linden et al. revealed that almost every pure state of three qubits is completely
determined by its two-particle reduced density matrices [87]. In other words, we
cannot get much new information from the given pure three-qubit state if the reduced
two-qubit states are known. The case of pure states of any number n of parties
was considered in Ref.[88] and it was shown that the reduced states of a fraction
of the parties uniquely specify the quantum state. One may consider more general

and open questions of vital importance: how much information is contained in any

11



CHAPTER 2. REDUCED STATE UNIQUELY DEFINES THE GROVERIAN
MEASURE OF THE ORIGINAL PURE STATE

reduced (n —1)-qubit state? How do we use this information to convert the nonlinear
eigenproblem of entanglement measure calculation to the linear eigenproblem? Is
there any physically relevant connection between the pure n-party states which have
LU-equivalent (n— 1)-party reduced states? Does such a connection impose an upper

bound for entanglement measure?

Groverian entanglement measure G [46] gives concise answers to all these ques-
tions. It is an entanglement measure defined in operational terms, namely, how well
a given state serves as the input to Grover’s search algorithm [24]. Groverian mea-
sure depends on maximal success probability Ppnax and is defined by the formula
G(¢) = v/T — Pyax. The maximal success probability is the overlap of a given state
with the nearest separable state. The same overlap defines Geometric measure of
entanglement introduced earlier as an axiomatic measure[41, 42, 43]. In this view
Groverian measure gives an operational treatment of the axiomatic measure and is
a good tool to investigate the above-mentioned questions. In the following we will
consider only the maximal success probability and our conclusions are valid for both

Groverian and Geometric measures.

Surprisingly enough, any reduced state resulting from a partial trace over a single
qubit suffices to find Pyax of the original pure state. For example, the entanglement
of three-qubit pure state is completely understood from the two-qubit mixed state re-
duced from the original pure state. Since bipartite systems, regardless mixed or pure,
always give a linear eigenproblem, this fact enables us to obtain analytic expressions

of Groverian entanglement measures for pure three qubit states.

It is well-known that entanglement measures are invariant under local unitary
transformations [33, 89, 90, 91]. However, LU-equivalent condition is not the only
one for the same Groverian entanglement measure. In fact, if two pure states have
LU-equivalent reduced states which are obtained by taking partial trace once, it turns
out that they have same entanglement measures. Owing to this the lower bound for
Ppax is derived. However, it is not reachable for three and higher qubit states and,

therefore, is not precise.

In Section 2.1 we derive a formula connecting Groverian measure of a pure state
and its reduced density matrix. In Section 2.2 we establish a lower bound for Grove-
rian measure. In Section 2.3 we present analytic expressions for the maximal success
probability that reflect main features of both measures. In Section 2.4 we make con-

cluding remarks of this chapter.

12



2.1. GROVERIAN MEASURE IN TERMS OF REDUCED DENSITIES

2.1 Groverian measure in terms of reduced densi-
ties

We consider a pure n-qudit state |¢). The maximum probability of success is defined
by

Prax(¥) = max [(q1ga. .. qn|¥) %, (2.1)

4142---qn
where |gx)’s are pure single qudit normalized states. Our intention is to derive a
formula which connects the maximum probability of success and (n—1)-qudit reduced
states. In general, reduced states are mixed states and are described by density
matrices. Hence we express the maximum probability of success in terms of density
operators right away. We will use the notation p for the state |¢)) and g for the pure
single qudit state density operators, respectively. Eq.(2.1) takes the form

Prax(p) = max tr(por ®02®- - ®on). (2:2)
0102..-0n

Theorem 1. Any (n — 1)-qudit reduced state uniquely determines the Groverian

and Geometric measures of the original n-qudit pure state.

Proof. Define a single qudit state |x) by the formula

IX) = (@102 Gk - - - qnl¥), (2.3)

where ~ means exclusion. Obviously

[{argz - anl)1* = a0 * = tr(Ix) (xlox)- (2.4)

The absolute value of the inner product |{gx|x)| is maximum when g, = |x)/+/{Xx|x)
and therefore

max tr([x) (xler) = (xb)) = tr () {x) - (25)

-~

Denote by p(k) the reduced state resulting from a partial trace over k-th qudit,

-~

that is p(k) = trip()). From this definition it follows the identity

tr(Px)(x|) = tr (p@)gl ®92®...§;...®gn). (2.6)

Owing to this identity Eq.(2.5) can be rewritten as

max tr (pgl®g2®...®g") =tr (p(@)gl®g2®...§;...®gn). (2.7)
0

13



CHAPTER 2. REDUCED STATE UNIQUELY DEFINES THE GROVERIAN
MEASURE OF THE ORIGINAL PURE STATE

Both sides of the Eq.(2.7) must have the same maximum and this is the proof of
the theorem.

Since the r.h.s. of Eq.(2.7) contains the reduced density operator tryp = p(E)
which is generally mixed state, the next maximization is nontrivial.

Eq.(2.7) does not mean that a pure state and its once reduced state have equal
Groverian measures. One can not maximize the mixed state density matrix over
product states to find the entanglement measure because the resulting measure is
not an entanglement monotone[46, 43, 92].

Eq.(2.7) connects directly the maximum probability of success with the reduced

density operator

Phax(p) = max  tr (p(ic\)gl ®02Q...06...® gn) . (2.8)

0102...0k---0n

In fact, Theorem 1 is true for any entanglement measure. Consider an (n-1)-qudit
reduced density matrix that can be purified by a single qudit reference system. Let
[t)') be any joint pure state. All other purifications can be obtained from the state
|4} by LU-transformations U ® 12"~ where U is a local unitary matrix acting on
single qudit and 1 is a unit matrix. Since any entanglement measure must be invariant
under LU-transformations, it must be the same for all purifications independently of
U. Hence the reduced density matrix p determines any entanglement measure on the
initial pure state.

However, there is a crucial difference. In the case of Groverian measure the proof
expresses entanglement measure by the reduced density matrix directly. As will be
explained in Section IV, Eq.(2.8) is a simple and effective tool for calculating three-
qubit entanglement measure. No such formula is known for other measures and gen-
eral proof for other measures has limited practical significance.

Theorem 2. If two pure n-qudit states have LU equivalent (n — 1)-qudit reduced

states, then they have equal Groverian and Geometric entanglement measures.

Proof. Assume that the density matrices of pure states are p and p’ and corre-
sponding maximum probabilities of success are Ppax and P/ ... Suppose the local
unitary transformation U! @ U? ® - -- @ U™~! maps p’(lg’) = trpp’ to p(@) = trip as
following:

pk)=(U'@U?@--@U" ))& ) (U'eU?e---oU" )", (29

where superscript + means hermitian conjugate. The trace with any complete prod-
uct o' @ 0> @ --- @ " ! state gives

14



2.2. LOWER BOUND FOR MULTI-QUBIT SYSTEMS

tr (p(%)gl ® Q2 R ® Qn—l) —tr (p/(]g’)gll ® Ql2 R ® an—l) , (210)

where ¢o'* = UFToFU* are single qubit pure states too. Let’s choose the product
state that maximizes the Lh.s. According to Eq.(2.8) L.h.s is Pyax and therefore
Pmax S P/

max-*

Similarly P! .. < Pnax, therefore Ppax = Pl

2.2 Lower bound for multi-qubit systems

Theorem 1 sets a clear lower bound for the maximum probability of success.

Below A is an arbitrary 2 x 2 hermitian matrix, r is a unit real three-dimensional
vector and components of the vector o are Pauli matrices. The trace of the product
of matrices A and r - o can be presented as a scalar product of vectors r and tr(Ao).
The scalar product of two real vectors with the constant modules is maximal when

vectors are parallel. Consequently, we have

max tr (Ar-o) =|tr(Ao)| = \/(trA)2 —4det A (2.11)

and the positive root of radicals is understood.
An arbitrary density matrix o for a pure state qubit may be written as o =

1/2(1 + - o), where and r is a unit real vector. Then Eq.(2.11) can be rewritten as

max tr(Ap) = % (trA + 4/ (trA)? — 4 det A) . (2.12)

From Eq.(2.12) it follows that

max tr (Ap) > % (trA). (2.13)

We define 2 x 2 matrix M,,_; by formula

My_1=1tr12,. . n-2 (p(ﬁ)gl ReAE® 0" 2® ]1) . (2.14)

.....

where trace is taken over (1,2,...,n-2)-qubits. Eq.(2.8) takes the form

Poax = max 1tr(Mn_lg"*l), (2.15)

9192,,,977,7

where tr means trace over (n-1)-qubit. Eq.(2.13) gives
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1 1
Ppax > = max trM, ;== max ftr (p(ﬁ)gl ReE®---0"t® 1), (2.16)

2 plg2...gn—2 2 plg2..-pn—2

where tr in rhs of Eq.(2.16) means trace over all qubits. Thus inequality (2.13) suggests
a simple prescription: replace a pure qubit density matrix by unit matrix and add a
multiplier 1/2 instead. We use this prescription n — 1 times, eliminate all single qubit

density operators step by step from Eq.(2.8) and obtain

Panae > .
- 2n—1

(2.17)
Note that this lower bound is valid only for pure states. The question at issue is
whether it is a precise limit or not. And if it is indeed the case, then what are the
pure states which have the lower bound of Py,.x 7 We will prove that this lower bound
is reached only for bipartite states.

Denote by pFik2*km the reduced density operator of qubits kiky---kpm, 1 <

m <n—1. Eq. (2.7) and (2.13) together yield

1
Prax(p) > meax(pklkz km)' (2.18)
Note, Prpax(p*#2"*m) does not define any entanglement measure as p*1kz-Fm’g

are mixed states. It is the maximal overlap of the mixed state with any product state

and we use it as intermediate mathematical quantity.

Lemma 2. If a pure state has limiting Geometric / Groverian entanglement

Poax = 1/2”’1, then all its reduced states are completely mixed states.

Proof. Eq.(2.18) for m = 1 and Eq.(2.12) impose

1
Paax > 5oy (14 V1= 4det pF ). (2.19)

The maximal probability of success reaches the minimal value if the square root
vanishes. Consequently, density matrices p* must be multiple of a unit matrix p* =
1/2 and thus all one-qubit reduced states are completely mixed. Then two qubit
density matrices p***2 must have the form

1
prikz — 1181+ gag0%® o?). (2.20)

where gog = tr(p"1*20% @ o) is a 3 x 3 matrix with real entries. Hereafter summa-
tion for repeated three dimensional vector indices (a, 3,7 -+ = 1,2,3) is understood
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unless otherwise stated. To reach the lower bound we must have equality instead of in-

equality in (2.18) and this condition imposes Ppax(p¥1%2) = 1/4 resulting in g5 = 0.

kik2 = (1/4)1 ® 1 and thus all two-qubit reduced states are completely

Hence p
mixed. One can continue this chain of derivations by induction. Indeed, suppose all

m-qubit states (m < n) are completely mixed. Then (m + 1)-qubit density matrices
kikg-k

p m+1 must have the form
pk1k2---km+1 — o (]1®m+1 + galmmamﬂaal R R---® Uotm+1) , (2.21)
where
Joras amsy = tT (pklk?”'k’"“cf"‘l Q0@ @), (2.22)

From Eq.(2.18) it follows that Ppax (1) takes its minimal value if Ppay(pF1F2Fm) =
1/2™. Eq.(2.21) is consistent with this condition if and only if the maximization of

the term of go,as-am 0 ® 02 ® - - - o“m+1 yields zero. Then go, .. =0 and

Om 41

therefore

1 m
plike km+1:_2m+111® +h (2.23)

Thus if all m-qubit reduced states are completely mixed then all (m+1)-qubit reduced
states are also completely mixed. On the other hand all one-qubit reduced state
are completely mixed. By induction all reduced states are completely mixed. The
induction stops at pure states. In contrast to mixed states, the maximization of the
term gog as-0, 0“1 @02 ®- - - 0 must yield unity for pure states as requires Eq.(2.7).

Lemma is proved.

Theorem 3. None of multi-qubit pure states except two-qubit mazimally entan-
gled states satisfies the condition Pyax = 1/2"‘1.

Proof. When n = 2, it is well-known that the EPR states and their LU-equivalent
class reach the lower bound, i.e. P4, = 1/2. Now we would like to show that there
is no pure state with limiting Groverian measure for n = 3. Lemma 2 requires that
the density matrix with limiting Groverian measure should be in the form

L @3 @ B
P=3 (1%° + gapyo® @0’ @ 07) . (2.24)

Since p is a pure state density matrix, it must satisfy p? = p. This condition leads

several constraints, one of which is
— 100796k A€d € Brr Exan 00 @ 0 @ 0N = 6gap0® @’ @ a7 (2.25)
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where €, is an antisymmetric tensor. Since this constraint cannot be satisfied for
real gagy, there is no pure state which has limiting Groverian measure at n = 3.
Now we will show that there is no pure state for n > 4 too. Suppose there is
n-qubit state [¢) such that all its reduced states are completely mixed. Choose a
normalized basis of product vectors |ijis - - -i,) where the labels within ket refer to

qubits 1,2, ---n in that order. The vector |¢)) can be written as a linear combination

lv) = Z Ciyigeriy [i1i2 -+ in) (2.26)

irin-in
of vectors in the set. All reduced states of the state |¢) are completely mixed if and
only if

i} 1 _
Z5ikjkCiliz---in0j1j2...jn = F&'ljﬁim iy Oingey k=12, (2.27)

ikJk

Note that normalization condition follows from above equation. Define n — 1 index

coefficients

Diigein_ = V2Ciigei,_y0- (2.28)

Setting i, = jn, = 0 in Eq.(2.27) we get

. 1 _
Z5ikjkDi1i2~»in71Djljz---jnfl = W%ﬁ@'m O iy gy K=1,2,--n—1.
ikJk
(2.29)
Hence the (n — 1)-qubit state

|¢> = Z Diliz""in—l |7;17;2 e 7:nfl> (230)

91927 in—1

exists and all its reduced states are completely mixed. The contraposition of it is
that if there is no pure state which has limiting Groverian measure at n = 3, it is

also true for n > 4. Theorem 3 is proved.

Thus, the lower bound of inequality (2.17) is unreachable for n > 3. This seems

to mean that Eq.(2.17) is not a precise limit.
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2.3 Analytic expressions for maximum probability

of success

The maximization of the pure three qubit states over product states generally reduces
to nonlinear eigenvalue equations [43]. However, Eq.(2.8) converts it effectively into
linear eigenvalue equations. Thus, one can compute the entanglement measures for
wide range of three qubit states analytically. As an illustration consider one para-
metric W-type [65] three qubit state

1

[¥) = s (1100} + 1010 + K2|001)), (2.31)

where £ is a free positive parameter. The calculation method is elaborated in Ref.[66]
and here we present only final results. In three different ranges of definition the
maximal success probability is differently expressed. In the first case Pyax is the

square of the first coefficient provided it is greater than 1/2:

1/2

1 0 V-1 /
_ <K< )
14+ K2+ k4 2

In the second case Pyax is the square of the diameter of the circumcircle of the

Pmax:

(2.32)

acute triangle formed by three coefficients:

1/2 1/2

o 4k° V-1 e [VBED /

AT 1+ k2 4+ k2(BK2 =1 — kY 2 - = 2 '
(

(2.33)
In the third case Ppax is the square of the third coefficient provided it is greater
than 1/2:

1/2
kA NGRS
Py = ——— : 2.34

14+ K2+ K4 w= < 2 ( )

It is also possible to compute Py for Eq.(2.31) numerically[93]. For numerical
calculation we consider k" qubit as |gx) = cos 0;]0) + €*#* sin 0x|1) with k = 1,2, 3.
Since the coefficients of |¢)) are all real, we can put ¢ = 0 for all k and express Ppax

in a form

Prnaq = max [(q1](g=|{gs|)|?. (2.35)
1,V2,U3
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06 |-

- 04 |
04 vod

Figure 2.1: P, for Eq.(2.31) (Fig. 1 a) and Eq.(2.36) (Fig. 1 b). The solid lines
represent the analytical results of Py, and the black dots are the numerical results.

This figures strongly support that our analytical results are perfect correct.

Thus numerical maximization over 61, 3 and 63 directly yields Py ax. As shown
in Fig. 1(a) the numerical result (black dots) perfectly coincides with the analytic
results (solid lines) expresses in Eq.(2.32), (2.33) and (2.34).

Let us consider another one parametric state

1

) = V14 K2+ k4 KO

(]100) + £|010) + £2|001) + £*[111)). (2.36)

Again there are three cases. If four coefficients form a cyclic quadrilateral, then
Poax = 4R?, where R is the circumradius of the quadrangle. Otherwise Ppax is the

square of the largest coefficient. In the first case Py ax is the square of first coefficient:

1
14 k2 4+ k4 4+ K6’

1 . 1/2
m<g <€/18\/ﬁ+ 134 — ‘\/18\/5— 134 — 1) ~ 0.685.

Pmax =

(2.37)

In the second case Py ax is the square of the circumcircle of the cyclic quadrangle

formed by four coeflicients:
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- 8k0
T 14 2K2 + KA 4 8K6 + KB 4+ 2,10 — K127

1
§ (\718\/§+ 134 — \718@— 134 — 1)1/2

Proax (2.38)

1
<k < —(\?46+6\/ﬁ+ \?46—6\/5"‘ 1)1/2.

V3

In the third case Ppax is the square of the last coefficient:

P

1+ k2 + K4+ kS’
5 5 1/2
(\/46+6\/5_7+ \/46—6\/5_7+1) ~ 1.46.

Pmax:

(2.39)

1
K> —
V3
The function Ppax(k) and numerical results are shown in Fig. 1(b). Both figures

strongly show that our analytical expressions of Ppax perfectly coincide with the

numerical result.

2.4 Conclusions

Eq.(2.8) allows to calculate the maximal success probability for three qubit states
which are expressed as linear combinations of four given orthogonal product states
[67]. The answer is more complicated than a simple formula, but each final expression
of the measure has its own meaningful interpretation. Namely, Pa.x can take the

following values(up to numerical coefficients):

e the square of the circumradius of the cyclic polygon formed by coefficients of

the state function,

e the square of the circumradius of the crossed figure formed by coeflicients of

the state function,
e the largest coeflicient.

Each expression has its own range of definition where they are applicable. Al-
though the above picture seems simple, the separation of the applicable domains is
highly nontrivial task. To make clear which of expressions should be applied for a
given state we refer to [67]. All our results on Groverian measure of three qubit pure
states are summarized in [69].

Eq.(2.8) gives nonlinear eigenvalue problem for four and higher qubit states and it
is natural to ask whether there is an extension of Eq.(2.8) that allows to find analytic
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results for four, five, or general n-qubits. Although we have no distinct results here,
but we have obtained some insight from the analysis of the information contained
in one and two qubit reduced states. Probably, it is possible to express the maximal
success probability in terms of one and two qubit reduced states in case of four qubit
pure states. Such formula, if it can be derived, will give linear equations for four
qubit pure states. However, situation is opposite in the case of five qubit states. The
method does now allow to convert the task to the linear eigenvalue problem and more
powerful tools are needed to calculate maximal success probability of general n-qubit

states.

22



Chapter 3

Analytic expressions for
geometric measure of

three-qubit states

Entangled states have different remarkable applications and among them are quan-
tum cryptography [21, 94], superdense coding [20, 95], teleportation [19, 96] and the
potential speedup of quantum algorithms [97, 32, 98]. The entanglement of bipartite
systems is well-understood [37, 36, 39, 86], while the entanglement of multipartite
systems offers a real challenge to physicists. In contrast to bipartite setting, there is
no unique treatment of the maximally entangled states for multipartite systems. In
this reason it is highly difficult to formulate a theory of multipartite entanglement.
Another point which makes difficult to understand the entanglement for the multi-
qubit systems is mainly due to the fact that the analytic expressions for the various

entanglement measures is extremely hard to derive.

We consider pure three qubit systems [68, 99, 71, 87], although the entanglement
of mixed states attracts a considerable attention. For example, in recent experiment
[100] the tangle for general mixed states was evaluated, which has never been done
before. Three-qubit system is important in the sense that it is the simplest system
which gives a non-trivial effect in the entanglement. Thus, we should understand the
general properties of the entanglement in this system as much as possible to go further
more complicated higher qubit system. The three-qubit system can be entangled in
two inequivalent ways GHZ [101] and W, and neither form can be transformed into
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the other with any probability of success [65]. This picture is complete: any fully
entangled state is SLOCC equivalent to either GHZ or W.

Only very few analytical results for tripartite entanglement have been obtained
so far [102] and we need more light on the subject. This is our main objective and
we choose geometric measure of entanglement E,; [33, 41, 42, 43]. It is an axiomatic
measure [33, 89, 90, 91], is connected with other measures [103, 104] and has an
operational treatment. Namely, for the case of pure states it is closely related to the
Groverian measure of entanglement [46] and the latter is associated with the success
probability of Grover’s search algorithm [24] when a given state is used as the initial
state.

Geometric measure depends on entanglement eigenvalue A% and is given by
formula E,(¢) = 1—A2

max*

X

For pure states the entanglement eigenvalue is equal to the
maximal overlap of a given state with any complete product state. The maximization
over product states gives nonlinear eigenproblem [43] which, except rare cases, does
not allow the complete analytical solutions.

Recently the idea was suggested that nonlinear eigenproblem can be reduced to
the linear eigenproblem for the case of three qubit pure states [64]. The idea is based
on theorem stating that any reduced (n — 1)-qubit state uniquely determines the
geometric measure of the original n-qubit pure state. This means that two qubit
mixed states can be used to calculate the geometric measure of three qubit pure
states and this will be fully addressed in this chapter.

The method gives two algebraic equations of degree six defining the geometric
measure of entanglement. Thus the difficult problem of geometric measure calcula-
tion is reduced to the algebraic equation root finding. Equations contain valuable
information, are good bases for the numerical calculations and may test numerical
calculations based on other numerical techniques [98].

Furthermore, the method allows to find the nearest separable states for three qubit
states of most interest and get analytic expressions for their geometric measures. It
turn out that highly entangled states have their own feature. Each highly entangled
state has a vicinity with no product state and all nearest product states are on the
boundary of the vicinity and form an one-parametric set.

In Section 3.1 we derive algebraic equations defining the geometric entanglement
measure of pure three qubit states and present the general solution. In Section 3.2 we
examine W-type states and deduce analytic expression for their geometric measures.
States symmetric under permutation of two qubits are considered in Section 3.3,
where the overlap of the state functions with the product states are maximized

directly. In last Section 3.4 we make concluding remarks of this chapter.
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3.1. ALGEBRAIC EQUATIONS.

3.1 Algebraic equations.

We consider three qubits A,B,C with state function |¢)). The entanglement eigenvalue

is given by

Amaz = max |<q1q2q3|¢>| (3.1)
q'q?q

and the maximization runs over all normalized complete product states |¢') @ [¢?) ®
|¢®). Superscripts label single qubit states and spin indices are omitted for simplicity.
Since in the following we will use density matrices rather than state functions, our
first aim is to rewrite Eq.(3.1) in terms of density matrices. Let us denote by pAB¢ =
|40} (1| the density matrix of the three-qubit state and by o* = |¢*)(¢¥| the density
matrices of the single qubit states. The equation for the square of the entanglement

eigenvalue takes the form

Af () = max tr (p?P%0" ® 0* @ %) . (3.2)

oto?0?

An important equality

m%xtr(pABcgl ® 0> ® 0%) = tr(p*P% ' ® ® @ 13) (3.3)
i

was derived in [64] where 1 is a unit matrix. It has a clear meaning. The matrix
tr(pAB¢ 0! ® 0?) is 2®2 hermitian matrix and has two eigenvalues. One of eigenvalues
is always zero and another is always positive and therefore the maximization of the
matrix simply takes the nonzero eigenvalue. Note that its minimization gives zero as
the minimization takes the zero eigenvalue.

We use Eq.(3.3) to reexpress the entanglement eigenvalue by reduced density
matrix pAB of qubits A and B in a form

Apnax () = maxtr (r*Po" ®0%). (3.4)

4

We denote by s; and s, the unit Bloch vectors of the density matrices o' and o>
respectively and adopt the usual summation convention on repeated indices ¢ and j.
Then

max (14 sy -71 4 8272 + gij 51i525) (3.5)

22
1=s3=1

where
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r = tr(p?o), ry = tr(p?0), gij = tr(p*Poi @ 0;) (3.6)

and o;’s are Pauli matrices. The matrix g;; is not necessarily to be symmetric but

must has only real entries. The maximization gives a pair of equations

714 gse = Ais1, T2+ g’ s1 = lasa, (3.7)

where Lagrange multipliers A; and Ay are enforcing unit nature of the Bloch vectors.
The solution of Eq.(3.7) is

S1 = ()\1)\2]1 - ggT)_l ()\27"1 + gTQ) ) (383)
S = ()\1)\2]1 — ng)_l ()\17”2 + gTTl) . (38b)

Now, the only unknowns are Lagrange multipliers, which should be determined by

equations

517 =1, |s2]* =1 (3.9)

In general, Eq.(3.9) give two algebraic equations of degree six. However, the solu-
tion (3.8) is valid if Eq.(3.7) supports a unique solution and this is by no means always
the case. If the solution of Eq.(3.7) contains a free parameter, then det(A\; Aol —gg?) =
0 and, as a result, Eq.(3.8) cannot not applicable. The example presented in Section
III will demonstrate this situation.

In order to test Eq.(3.8) let us consider an arbitrary superposition of W

1

W) = —(|100) + |010) 4 |001 3.10

W) \/g(l ) +(010) +1001)) (3.10)
and flipped W

—~ 1

W)= —(|011) + |101) + |110 3.11

W) \/g(l ) +[101) + [110)) (3.11)
states, i.e. the state

1) = cos 6 |W) + sin 6 |W). (3.12)

Straightforward calculation yields

1
r=ry=g (2sin20¢ + cos20n), (3.13a)
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(2000
g=5(0 2 0], (3.13b)
00 -1

where unit vectors ¢ and n are aligned with the axes = and z, respectively. Both
vectors i and n are eigenvectors of matrices g and ¢g7. Therefore s; and s, are linear
combinations of ¢ and n. Also from r; = ro and g = g7 it follows that s; = s, and

A1 = Aa. Then Eq.(3.8) for general solution give

51 = s =sin2pi+ cos2¢n (3.14)
where
2sin 26 cos 20
in2¢p = —— 20 = . 3.15
L W R G W (3.15)

The elimination of the Lagrange multiplier A from Eq.(3.15) gives

3sin 2¢ cos 2 = cos 26 sin 2 — 2 sin 26 cos 2. (3.16)

Let us denote by t = tan . After the separation of the irrelevant root t = — tan 6,
Eq.(3.16) takes the form

sinft® + 2cosft* — 2sinft — cosh = 0. (3.17)

This equation exactly coincides with that derived in [43]. Since a detailed analysis
was given in Ref.[43], we do not want to repeat the same calculation here. Instead
we would like to consider the three-qubit states that allow the analytic expressions

for the geometric entanglement measure by making use of Eq.(3.7).

3.2 W-type states.

Consider W-type state

[4) = a|100) + b]010) + ¢|001), a® +b* + 2 = 1. (3.18)

Without loss of generality we consider only the case of positive parameters a,b, c.
Direct calculation yields

rr=mn, rz=rn, g=

o o €

0
w 0 |, (3.19)
0
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where
M=+t -’ ro=a>+c—-b%r3=a*>+b> - (3.20)

and w = 2ab. The unit vector n is aligned with the axis z. Any vector perpendicular
to n is an eigenvector of g with eigenvalue w. Then from Eq.(3.7) it follows that the
components of vectors s; and ss perpendicular to n are collinear. We denote by m

the unit vector along that direction and parameterize vectors s; and sy as follows

sy =cosan-+sinam, sy =cosfn+sinBm. (3.21)

Then Eq.(3.7) reduces to the following four equations

r1 —1r3c083 = A{cosa, T9—r3zcosa = Aycosp, (3.22a)
wsin3 = A;sina, wsina = Agsin g, (3.22b)
which are used to solve the four unknown constants A1, A2, @ and 3. Eq.(3.22b) impose
either
/\1/\2 — w2 =0 (323)
or
sinasin 8 = 0. (3.24)

First consider the case r1 > 0, ro > 0, 3 > 0 and coefficients a, b, ¢ form an acute
triangle. Eq.(3.24) does not give a true maximum and this can be understood as
follows. If both vectors s; and s are aligned with the axis z, then the last term in
Eq.(3.5) is negative. If vectors s; and sz are antiparallel, then one of scalar products
in Eq.(3.5) is negative. In this reason A2 cannot be maximal. Then Eq.(3.23) gives
true maximum and we have to choose positive values for A; and g to get maximum.

First we use Eq.(3.22a) to connect the angles o and 8 with the Lagrange multi-
pliers A\; and A,

A2r1 — Tor3 AiTg — 7173

, cosff=——F". (3.25)

cosa =
w? —r2

2 _ 2
w T3

Then Eq.(3.22b) and (3.23) give the following expressions for Lagrange multipliers
Al and )\2

W2 472 — 2 1/2
M=w|—"21—3 3.26
! w(uﬂ—l—r%—r%) ’ (3.26a)
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w? 472 — 2 1/2
=w|—-2 "3 . 3.26b
o (S (3:200)

Eq.(3.7) allows to write a shorter expression for the entanglement eigenvalue

1
A2 ==(14+ )Xy +7ricosa). (3.27)

max 4

Now we insert the values of A2 and cos«a into Eq.(3.27) and obtain

14 wy/(w? + 1] —r3)(W? + 15 —r3) —rirars

407 = s
W — T3

max

(3.28)

The denominator in above expression is multiple of the area S of the triangle

a,b,c

w? —r2 =165% (3.29)

A little algebra yields for the numerator

w\/(w2 +r2 —rd)+ (w2473 —713) —rirers (3.30)

=16ab*c* — w? + 3.

Combining together the numerator and denominator, we obtain the final expres-
sion for the entanglement eigenvalue

A2, =4R?% (3.31)

where R is the circumradius of the triangle a,b, c. Entanglement value is minimal
when triangle is regular, i.e. for W-state and A2, (W) = 4/9 [93, 43].

Now consider the case r3 < 0. Since 73 + r; = 2b%> > 0, we have r; > 0 and
similarly 7o > 0. Eq.(3.24) gives true maximum in this case and both vectors are

aligned with the axis 2

s1=8=n (3.32)
resulting in A2, = ¢?. In view of symmetry
1
A2, =max(a? b %), max(a? b?, c?) > 3 (3.33)

Since the matrix g and vectors r1 and ry are invariant under rotations around axis
z the same properties must have Bloch vectors s; and s5. There are two possibilities:
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i)Bloch vectors are unique and aligned with the axis z. The solution given by
Eq.(3.32) corresponds to this situation and the resulting entanglement eigenvalue
Eq.(3.33) satisfies the inequality

% < A%, <. (3.34)

max —

ii)Bloch vectors have nonzero components in zy plane and the solution is not
unique. Eq.(3.21) corresponds to this situation and contains a free parameter. The
free parameter is the angle defining the direction of the vector m in the zy plane.

Then Eq.(3.31) gives the entanglement eigenvalue in highly entangled region

<= (3.35)

Eq.(3.31) and (3.33) have joint curves when parameters a, b, ¢ form a right tri-
angle and give A2, = 1/2. The GHZ states have same entanglement value and it
seems to imply something interesting. GHZ state can be used for teleportation and
superdense coding, but W-state cannot be. However, the W-type state with right
triangle coefficients can be used for teleportation and superdense coding [105]. In
other words, both type of states can be applied provided they have the required

entanglement eigenvalue A2, = 1/2.

max

3.3 Symmetric States.

Now let us consider the state which is symmetric under permutation of qubits A and

B and contains three real independent parameters

1) = a|000) 4 b|111) + ¢[001) + d|110), (3.36)

where a? + b® + ¢® + d? = 1. According to Generalized Schmidt Decomposition [68]
the states with different sets of parameters are local-unitary(LU) inequivalent. The

relevant quantities are

w 0 0
ri=ro=rn, g=|0 —-w 0], (3.37)
0 0 1
where
r=a*+c®—b*—d* w=2ad+2bc (3.38)
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and the unit vector n again is aligned with the axis z.
All three terms in the Lh.s. of Eq.(3.5) are bounded above:

o 5111 <l
o s9-19 <1,
e and owing to inequality |w| < 1, g;; s1:52; < 1.

Quite surprisingly all upper limits are reached simultaneously at

s1 = s9 = Sign(r)n, (3.39)

which results in

1
A— 3 (1+1r]). (3.40)

This expression has a clear meaning. To understand it we parameterize the state
as

1) = k1]00g1) + k2|11g2), (3.41)

where ¢; and ¢o are arbitrary single normalized qubit states and positive parameters
k1 and ko satisfy k3 + k2 = 1. Then
i.e. the maximization takes a larger coefficient in Eq.(3.41). In bipartite case the
maximization takes the largest coefficient in Schmidt decomposition [46, 106] and
in this sense Eq.(3.41) effectively takes the place of Schmidt decomposition. When
lg1) = |0) and |g2) = |1), Eq.(3.42) gives the known answer for generalized GHZ state
[93, 43].

The entanglement eigenvalue is minimal A2, = 1/2 on condition that k1 = k.

These states can be described as follows

1) = [00g1) + [11g2) (3.43)

where g1 and g2 are arbitrary single qubit normalized states. The entanglement eigen-
value is constant A2, = 1/2 and does not depend on single qubit state parameters.
Hence one may expect that all these states can be applied for teleportation and su-
perdense coding. It would be interesting to check whether this assumption is correct

or not.
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It turns out that GHZ state is not a unique state and is one of two-parametric
LU inequivalent states that have A2, = 1/2. On the other hand W-state is unique

max
2

up to LU transformations and the low bound A7, = 4/9 is reached if and only
if a = b = c. However, one cannot make such conclusions in general. Five real
parameters are necessary to parameterize the set of inequivalent three qubit pure
states [68]. And there is no explicit argument that W-state is not just one of LU

inequivalent states that have A2 = 4/9.

max

3.4 Summary.

We have derived algebraic equations defining geometric measure of three qubit pure
states. These equations have a degree higher than four and explicit solutions for
general cases cannot be derived analytically. However, the explicit expressions are
not important. Remember that explicit expressions for the algebraic equations of
degree three and four have a limited practical significance but the equations itself
are more important. This is especially true for equations of higher degree; main
results can be derived from the equations rather than from the expressions of their
roots.

Eq.(3.7) give the nearest separable state directly and this separable states have
useful applications. In order to construct an entanglement witness, for example, the
crucial point lies in finding the nearest separable state [107]. This will be especially
interesting for highly entangled states that have a whole set of nearest separable
states and allow to construct a set of entanglement witnesses.

The expression in r.h.s. of Eq.(3.5) can be maximized directly for various three
qubit states. Although it is very hard to solve the higher-degree equation, it turns
out that the wide range of the three-qubit states have a symmetry and this symmetry
reduces the equations of degree six to the quadratic equations. In this reason Eq.(3.5)
can be used to derive the analytic expressions of the various entanglement measures
for the three-qubit states. Also Eq.(3.5) can be a starting point to explore the nu-
merical computation of the entanglement measures for the higher-qubit systems. We

would like to discuss this issue elsewhere.
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Chapter 4

Geometric measure of
entanglement and shared

quantum states

Entanglement is the most intriguing feature of quantum mechanics and a key resource
in quantum information science. One of the main goals in these theories is to develop a
comprehensive theory of multipartite entanglement. Various entanglement measures
have been invented to quantify the multi-particle entanglement [37, 36, 33, 35, 108,
109, 43] but none of them were able to suggest a method for calculating a measure of
multipartite systems. This mathematical difficulty is the main obstacle to elaborate

a theory of multi-particle entanglement.

In this chapter, we present the first calculation of the geometric measure of entan-
glement [43, 41, 42] for three qubit states which are expressed as linear combinations
of four given orthogonal product states. Any pure three qubit state can be written in
terms of five preassigned orthogonal product states [68] via Schmidt decomposition.
Thus the states discussed here are more general states compared to the well-known
GHZ [110] and W [65] states.

The reason for using the geometric measure of entanglement is that it is suitable
for any partite system regardless of its dimensions. However, analytical computation
for generic states still remains as a great challenge. The measure depends on entan-
glement eigenvalue A2, and can be derived from the formula E,(¢)) = 1—AZ . For

pure states, the entanglement eigenvalue is equal to the maximal overlap of a given
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state with any complete product state. This measure has the following remarkable
properties:
2

i) it has an operational treatment. The same overlap A; .. defines Groverian
measure of entanglement [46, 92] which has been introduced later in operational
terms. In other words, it quantifies how well a given state serves as an input state to
Grover’s search algorithm [24]. From this view, Groverian measure can be regarded

as an operational treatment of the geometric measure.

ii) it has identified irregularity in channel capacity additivity [111]. Using this
measure, one can show that a family of quantities, which were thought to be additive
in an earlier papers, actually are not. For example, it is natural to conjecture that
preparing two pairs of entangled particles should give us twice the entanglement of
one pair and, similarly, using a channel twice doubles its capacity. However, this

conjecture claiming additivity has proved to be wrong in some cases.

iii) it has useful connections to other entanglement measures and gives rise to a
lower bound on the relative entropy of entanglement [103] and generalized robust-
ness [104]. For certain pure states the first lower bound is saturated and thus their
relative entropy of entanglement can be deduced from their geometric measure of
entanglement. The second lower bound to generalized robustness can be express in

2
terms of A7 ..

directly.

Owing to these features, the geometric measure can play an important role in
the investigation of different problems related to entanglement. For example, the
entanglement of two distinct multipartite bound entangled states can be determined
analytically in terms of a geometric measure of entanglement [112]. Recently, the same
measure has been used to understand the physical implication of Zamolodchikov’s
c-theorem [47] more deeply. It is an important application regarding the quantum
information techniques in the effect of renormalization group in field theories [48].
Thus it is natural that geometric measure of entanglement is an object of intense
interest and in some recent works revised [113] and generalized [114] versions of the
geometric measure were presented.

The progress made to date allows oneself to calculate the geometric measure of
entanglement for pure three qubit systems [64]. The basic idea is to use (n — 1)-
qubit mixed states to calculate the geometric measure of n-qubit pure states. In the
case of three qubits this idea converts the task effectively into the maximization of
the two-qubit mixed state over product states and yields linear eigenvalue equations
[66]. The solution of these linear eigenvalue equations reduces to the root finding for
algebraic equations of degree six. However, three-qubit states containing symmetries
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allow complete analytical solutions and explicit expressions as the symmetry reduces
the equations of degree six to the quadratic equations. Analytic expressions derived
in this way are unique and the presented effective method can be applied for extended
quantum systems. Our aim is to derive analytic expressions for a wider class of three
qubit systems and in this sense this chapter is the continuation of Ref.[66].

We consider most general W-type three qubit states that allow to derive analytic
expressions for entanglement eigenvalue. These states can be expressed as linear
combinations of four given orthogonal product states. If any of coefficients in this
expansion vanishes, then one obtains the states analyzed in [66]. Notice that arbitrary
linear combinations of five product states [68] give a couple of algebraic equations of
degree six. Hence Evariste Galois’s theorem does not allow to get analytic expressions
for these states except some particular cases.

We derive analytic expressions for an entanglement eigenvalue. Each expression
has its own applicable domain depending on state parameters and these applicable
domains are split up by separating surfaces. Thus the geometric measure distinguishes
different types of states depending on the corresponding applicable domain. States
that lie on separating surfaces are shared by two types of states and acquire new
features.

In Section 4.1 we derive stationarity equations and their solutions. In Section
4.2 we specify three qubit states under consideration and find relevant quantities. In
Section 4.3 we calculate entanglement eigenvalues and present explicit expressions. In
Section 4.4 we separate the validity domains of the derived expressions. In Section 4.5
we discuss shared states. In section 4.6 we make concluding remarks of this chapter.

4.1 Stationarity equations

In this section we briefly review the derivation of the stationarity equations and their
general solutions [66]. Denote by pABC the density matrix of the three-qubit pure

state and define the entanglement eigenvalue A2, [43]

A2, = max tr (pABCQ1 ® 0°®0°), (4.1)
ole®o

where the maximization runs over all normalized complete product states. Theorem
1 of Ref.[64] states that the maximization of a pure state over a single qubit state
can be completely derived by using a particle traced over density matrix. Hence
the theorem allows us to re-express the entanglement eigenvalue by reduced density
matrix pAB of qubits A and B
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A max tr (pABQ1 ® 0°). (4.2)
ele

Now we introduce four Bloch vectors:

1)ra for the reduced density matrix p* of the qubit A,
2)rp for the reduced density matrix p? of the qubit B,
3) u for the single qubit state o,
4) s for the single qubit state o?.

Then the expression for entanglement eigenvalue (4.2) takes the form
9 1
Az = 7, 0ax I4+u-ra+s-m+ gij uivy), (4.3)

where(summation on repeated indices ¢ and j is understood)

gi; = tr(p*Po; @ a;) (4.4)

and o;’s are Pauli matrices. The closest product state satisfies the stationarity con-
ditions

ra+gs = A\u, TB—I—gTu:/\Qs, (4.5)

where Lagrange multipliers A\; and Ao enforce the unit Bloch vectors v and s. The
solutions of Eq.(4.5) are

—1 -1
uw= (A A2l — ggT) (MAara+grp), s= (Al — ng) (MrB + gTTA) )
(4.6)
Unknown Lagrange multipliers are defined by equations

u?=1, v?=1. (4.7

In general, Eq.(4.7) gives algebraic equations of degree six. The reason for this
is that stationarity equations define all extremes of the reduced density matrix pAZ
over product states, regardless of them being global or local. And the degree of the
algebraic equations is the number of possible extremes.

Eq.(4.6) contains valuable information. It provides solid bases for a new numerical
approach. This can be compared with the numerical calculations based on other
technique [93].
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4.2 Three Qubit State

We consider W-type state

|9h) = a|100) 4 b|010) + ¢[001) + d|111), (4.8)

where free parameters a, b, c, d satisfy the normalization condition a?+b%4+c?4+d? = 1.
Without loss of generality we consider only the case of positive parameters a, b, ¢, d.
At first sight, it is not obvious whether the state allows analytic solutions or not.
However, it does and our first task is to confirm the existence of the analytic solutions.

In fact, entanglement of the state Eq.(4.8) is invariant under the permutations of
four parameters a, b, ¢, d. The invariance under the permutations of three parameters
a, b, c is the consequence of the invariance under the permutations of qubits A ,B,C.
Now we make a local unitary(LU) transformation that relabels the bases of qubits
B and C, ie. 0p < 1p, 0¢ < 1l¢g, and does not change the basis of qubit A.
This LU-transformation interchanges the coefficients as follows: a < d, b < c.
Since any entanglement measure must be invariant under LU-transformations and
the permutation b < ¢, it must be also invariant under the permutation a < d.
In view of this symmetry, any entanglement measure must be invariant under the
permutations of all the state parameters a, b, ¢, d. Owing to this symmetry, the state
allows to derive analytic expressions for the entanglement eigenvalues. The necessary
condition is [66]

det (A A2l — gg™) = 0. (4.9)

Indeed, if the condition (4.9) is fulfilled, then the expressions (4.6) for the general
solutions are not applicable and Eq.(4.5) admits further simplification.
Denote by 1, j, k unit vectors along axes x,y, z respectively. Straightforward cal-

culation yields

2w 0 0
ra=mrk, rg=rek, g=10 2u 0 |, (4.10)
0 0 —T3

where

m=b+—a?—d% ro=d>+c-bv*-d2

r3=a’+b0—c?—d* w=ab+de, p=ab-—dec (4.11)
Vectors v and s can be written as linear combinations
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u=ut +ujj +ugk, s=vii+v;j+ vk (4.12)

of vectors i, j, k. The substitution of the Eq.(4.12) into Eq.(4.5) gives a couple of

equations in each direction. The result is a system of six linear equations

2w v; = /\1ui, 2w U; = )\QUZ', (413&)
2u v = )\1Uj, 2IUJ Uj = AQ'Uj, (413b)
1 —T3vr = MUk, T2 — T3UL = A2Uk. (4.13¢)

Above equations impose two conditions

(Mo — 4w uv; = 0, (4.14a)
(M2 — dpP)ujv; = 0. (4.14b)

From these equations it can be deduced that the condition (4.9) is valid and
the system of equations (4.5) and (4.7) is solvable. Note that as a consequences of
Eq.(4.13) z and/or y components of vectors u and s vanish simultaneously. Hence,
conditions (4.14) are satisfied in following three cases:

e vectors u and s lie in xz plane

M2 —4w? =0, wujv; =0, (4.15)

e vectors u and s lie in yz plane

/\1/\2 — 4#2 = 0, U;V; = O, (416)

e vectors u and s are aligned with axis z

UiV = U V5 = 0. (417)

These cases are examined individually in next section.
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4.3 Explicit expressions

In this section we analyze all three cases and derive explicit expressions for entangle-
ment eigenvalue. Each expression has its own range of definition in which they are
deemed applicable. Three ranges of definition cover the four dimensional sphere given
by normalization condition. It is necessary to separate the validity domains and to
make clear which of expressions should be applied for a given state. It turns out that
the separation of domains requires solving inequalities that contain polynomials of
degree six. This is a nontrivial task and we investigate it in the next section.

4.3.1 Circumradius of Convex Quadrangle

Let us consider the first case. Our main task is to find Lagrange multipliers \; and
Az2. From equations (4.13c) and (4.15) we have

AQTl — Taors )\17"2 — T3
U = ——— 55— Vp = ——F 5 - (4.18)
2 _ 2 0 2 _ 2
dw? — 13 4w? —r3

In its turn Eq.(4.13a) gives

Au? = A7 (4.19)

Eq.(4.7) allows the substitution of expressions (4.18) into Eq.(4.19). Then we can

obtain the second equation for Lagrange multipliers

A (4w? 473 —13) = Ag (4w® + 15 — ). (4.20)

This equation has a simple form owing to condition (4.9). Thus we can factorize
the equation of degree six into the quadratic equations. Equations (4.20) and (4.15)
together yield

be + ad ac + bd
- =92 . 4.21
wac—i—bd’ Az wbc—i—ad ( )

Note that we kept only positive values of Lagrange multipliers and omitted neg-

A =2

ative values to get the maximal value of A2 . Now Eq.(4.3) takes the form

max*

AN — 14 8(ab + cd)(ac + bd)(ad + be) — rirars

max Qo2 — Tg

(4.22)

In fact, entanglement eigenvalue is the sum of two equal terms and this statement

follows from the identity
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rirers  (ab+ cd)(ac + bd)(ad + be)

2 2 :

1_
4dw? — 13 4w? — 13

(4.23)

To derive this identity one has to use the normalization condition a®+4b%+c?+d? = 1.

The identity allows to rewrite Eq.(4.22) as follows

Afax = ARG, (4.24)
where
5 (ab+ cd)(ac + bd)(ad + bc)
= . 4.2
R i (4.25)

Above formula has a geometric interpretation and now we demonstrate it. Let us
define a quantity p = (a + b+ ¢+ d)/2. Then the denominator can be rewritten as

4 =75 =16(p — a)(p — b)(p — ) (p — d). (4.26)

Five independent parameters are necessary to construct a convex quadrangle.
However, four independent parameters are necessary to construct a convex quad-
rangle that has circumradius. For such quadrangles the area S, is given exactly by
Eq.(4.26) up to numerical factor, that is S7 = (p — a)(p — b)(p — ¢)(p — d). Hence
Eq.(4.25) can be rewritten as

(ab + ed)(ac + bd)(ad + be)

2 _
R? = 652 . (4.27)

Thus R, can be interpreted as a circumradius of the convex quadrangle. Eq.(4.27)
is the generalization of the corresponding formula of Ref.[66] and reduces to the
circumradius of the triangle if one of parameters is zero.

Eq.(4.24) is valid if vectors v and s are unit and have non-vanishing x components.

These conditions have short formulations

lug] <1, |og] < 1. (4.28)
Above inequalities are polynomials of degree six and algebraic solutions are un-

likely. However, it is still possible do define the domain of validity of Eq.(4.27).

4.3.2 Circumradius of Crossed-Quadrangle

Here, we consider the second case given by Eq.(4.16). Derivations repeat steps of the
previous subsection and the only difference is the interchange w < p. Therefore we
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skip some obvious steps and present only main results. Components of vectors u and

s along axis z are

AaT1 — T2T3 AT — 1173
_ 2 -5 4.29
U= g T T (4.29)
The second equation for Lagrange multipliers
A (42 413 —r3) = X (4p® + 17 —13) (4.30)
together with Eq.(4.16) yields
be — ad ac — bd
A = £2 Ay = £2 . 4.31
! Mac—bd’ 2 Mbc—ad ( )

Using these expressions, one can derive the following expression for entanglement

eigenvalue

Ao(4p? + 12 —r2) —rirors

4N2 =1+
4p? —r3

max

(4.32)

Now the restrictions 1/4 < A2, < 1 derived in Ref.[64] uniquely define the
signs in Eq.(4.31). Right signs enforce strictly positive fraction in right hand side
of Eq.(4.32). To make a right choice, we replace d by —d in the identity (4.23) and

rewrite Eq.(4.32) as follows

A2 (ac — bd)(be — ad)(ab — cd) (ac — bd)(be — ad)(ab — cd)

1 1
max =9 pp—c—d)p—b—d)(p—a—d) 2pp—c—d)p-b-d)(p—a—d)
(4.33)

Lower sign yields zero and is wrong. It shows that reduced density matrix pA?

still has zero eigenvalue.

Upper sign may yield a true answer. Entanglement eigenvalue is

2
Amax

=4R?%, (4.34)
where

5 (ac—bd)(bc — ad)(ab — cd)
RS = 5 ,
1652

(4.35)

and S2 = p(p—c—d)(p—b—d)(p —a—d). The formula (4.35) may seem suspicious
because it is not clear whether right hand side is positive and lies in required region.

To clarify the situation we present a geometrical treatment of Eq.(4.35).
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B D
/ /
A C
A C
D
Fig. 1A Fig. 1B

Figure 4.1: This figure shows the example for the case when crossed quadran-
gle(Fig.1A) has larger circumradius than that of convex quadrangle(Fig.1B) with
same sides.

The geometrical figure ABCD in Fig.1A is not a quadrangle and is not a polygon
at all. The reason is that it has crossed sides AD and BC. We call figure ABCD
crossed-quadrangle in a figurative sense as it has four sides and a cross point. Another
justification of this term is that we will compare figure ABC'D in Fig.1A with a convex
quadrangle ABC' D containing the same sides.

Consider a crossed-quadrangle ABCD with sides AB = a,BC = b,CD =
¢, DA = d that has circumcircle. It is easy to find the length of the interval AC

(ac — bd)(bc — ad)

2 _
ACT = ab —cd

(4.36)

This relation is true unless triangles ABC and ADC' have the same height and
as a consequence equal areas. Note that Sy is not an area of the crossed-quadrangle.

It is the difference between the areas of the noted triangles.

Using Eq.(4.36), one can derive exactly Eq.(4.35) for the circumradius of the
crossed-quadrangle.

Eq.(4.34) is meaningful if vectors u and s are unit and have nonzero components

along the axis y.
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4.3.3 Largest Coefficient

In this subsection we consider the last case described by Eq.(4.17). Entanglement
eigenvalue takes maximal value if all terms in r.h.s. of Eq.(4.3) are positive. Then
equations (4.17) and (4.10) together impose

u = Sign(r1)k, s=Sign(ra)k, rirers <O, (4.37)

where Sign(x) gives -1, 0 or 1 depending on whether x is negative, zero, or positive.
Substituting these values into Eq.(4.3), we obtain

1
A = 7 (L[] + [ra| + [7s]) (4.38)

Owing to inequality, r1rar3 < 0, above expression always gives a square of the

largest coefficient [

I = max(a, b, c,d) (4.39)

in Eq.(4.8). Indeed, let us consider the case r; > 0,79 > 0,73 < 0. From inequalities
r1 > 0,79 > 0 it follows that ¢* > d? + |a® — b?| and therefore ¢? > d°. Note, ¢? > d?
is necessary but not sufficient condition. Now if d > b, then r1 > 0 yields ¢ > a and
if d < b, then r3 < 0 yields ¢ > a. Thus inequality ¢ > a is true in all cases. Similarly
¢ > b and c is the largest coefficient. On the other hand A2, = ¢* and Eq.(4.38)
really gives the largest coeflicient in this case.

Similarly, cases r1 > 0,72 < 0,73 > 0 and r; < 0,75 > 0,73 > 0 yield A2 = b2
and A2, = a?, respectively. And again entanglement eigenvalue takes the value of
the largest coeflicient.

The last possibility r1 < 0,72 < 0,73 < 0 can be analyzed using analogous

speculations. One obtains A2 = d? and d is the largest coefficient.

max

Combining all cases mentioned earlier, we rewrite Eq.(4.38) as follows

A2, =12 (4.40)

max

This expression is valid if both vectors u and s are collinear with the axes z.

We have derived three expressions for (4.24),(4.34) and (4.40) for entanglement
eigenvalue. They are valid when vectors u and s lie in xzz plane, lie in yz plane and
are collinear with axis z, respectively. The following section goes on to specify these
domains by parameters a, b, ¢, d.
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4.4 Applicable Domains

Mainly, two points are being analyzed. First, we probe into the meaningful geomet-
rical interpretations of quantities R, and Ry. Second, we separate validity domains
of equations (4.24),(4.34) and (4.40). It is mentioned earlier that algebraic methods
for solving the inequalities of degree six are ineffective. Hence, we use geometric tools
that are elegant and concise in this case.

We consider four parameters a,b,c,d as free parameters as the normalization
condition is irrelevant here. Indeed, one can use the state |¢)/va2 + b2 + ¢2 + d?
where all parameters are free. If one repeats the same steps, the only difference is
2 o is replaced by A2 /(a® +b* + ¢* + d?). In

other words, normalization condition re-scales the quadrangle, convex or crossed, so

that the entanglement eigenvalue A

that the circumradius always lies in the required region. Consequently, in construct-
ing quadrangles we can neglect the normalization condition and consider four free

parameters a, b, c, d.

4.4.1 Existence of circumcircle.

It is known that four sides a, b, ¢, d of the convex quadrangle must obey the inequality
p—1 > 0. Any set of such parameters forms a cyclic quadrilateral. Note that the
quadrangle is not unique as the sides can be arranged in different orders. But all
these quadrangles have the same circumcircle and the circumradius is unique.

The sides of a crossed-quadrangle must obey the same condition. Indeed, from
Fig.1A it follows that BC—AB < AC < AD+DC and DC—-AD < AC < AB+BC.
Therefore AB + AD + DC > BC and AB + BC + AD > DC. The sides BC and
DC are two largest sides and consequently p — [ > 0. However, the existence of the
circumcircle requires an additional condition and it is explained here. The relation

r3 = 2pcos ABC forces 4u2 > r3 and, therefore

S2 > 0. (4.41)

Thus the denominator in Eq.(4.35) must be positive. On the other hand the inequality
AC? > 0 forces a positive numerator of the same fraction

(ac — bd)(bc — ad)(ab — ed) > 0. (4.42)

These two inequalities impose conditions on parameters a, b, ¢, d. For the future
considerations, we need to write explicitly the condition imposed by inequality (4.42).
The numerator is a symmetric function on parameters a,b,c,d and it suffices to
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analyze only the case a > b > ¢ > d. Obviously (ac — bd) > 0, (ab —ed) > 0
and it remains the constraint bc > ad. The last inequality states that the product
of the largest and smallest coefficients must not exceed the product of remaining

coefficients. Denote by s the smallest coefficient

s =min(a, b, ¢, d). (4.43)

We can summarize all cases as follows

1%25% < abed. (4.44)

This is necessary but not sufficient condition for the existence of Rx. The next
condition S2 > 0 we do not analyze because the first condition (4.44) suffices to

separate the validity domains.

4.4.2 Separation of validity domains.

In this section we define applicable domains of expressions (4.24),(4.34) and (4.40)
step by step.

Circumradius of convex quadrangle. First we separate the validity domains
between the convex quadrangle and the largest coefficient. In a highly entangled
region, where the center of circumcircle lies inside the quadrangle, the circumradius
is greater than any of sides and yield a correct answer. This situation is changed
when the center lies on the largest side of the quadrangle and both equations (4.24)
and (4.40) give equal answers. Suppose that the side a is the largest one and the
center lies on the side a. A little geometrical speculation yields

bed
a> =%+ +d? + 222 (4.45)
a

From this equation we deduce that if a? is smaller than r.h.s., i.e.

bed
a> <B4+ +d? 4222, (4.46)
a

then the circumradius-formula is valid. If a? is greater than r.h.s in Eq.(4.45), then the
largest coefficient formula is valid. The inequality (4.46) also guarantees the existence

of the cyclic quadrilateral. Indeed, using the inequality

bed
be + cd + bd > 322, (4.47)
a
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one derives

(b+c+d)?>b*+2+d*+

6bed
2 > a2 (4.48)
a

Above inequality ensures the existence of a convex quadrangle with the given sides.
To get a confidence, we can solve equation u, = +1 using the relation (4.45).

However, it is more transparent to factorize it as following;:

2ad 2bcd 2abc
2.2 _ 2., 2, 2 _ 2 2,72 2 g2
(Aw*—r3)(14ug) et ad (b +co+dE+ " a)(a +b0°+c + ] d
(4.49a)
2bc 2acd 2abd
22V ) — 2., 2., g2 g2 232, 2 2
(Aw*—r3)(1—uy) bc—l—ad(a +c4+d¥+ A b)(a +b°+d°+ - c
(4.49b)
Similarly, we have
2acd 2abc
2.2 _ 2., .2, 12 g2 2,32, 2 g2
(4w —r3)(14vg) p— (a +c+d+ 5 b)(a +b"+c + ] d
(4.50a)
2ac 2bcd 2abd
2 2V(1 0\ — 2., .2 2 _ 2 2432 2 _2
(Aw”—r5)(1—wvy) ac+bd<b +c+d+ p a)(a +b°+d° + - c)
(4.50D)

Thus, the circumradius of the convex quadrangle gives a correct answer if all
brackets in the above equations are positive. In general, Eq.(4.24) is valid if

12<1

_5-‘1-

abed

o (4.51)

When one of parameters vanishes, i.e. abed = 0, inequality (4.51) coincides with

the corresponding condition in Ref.[66].

Circumradius of crossed quadrangle. Next we separate the validity domains
between the convex and the crossed quadrangles. If S2 < 0, then crossed one has
no circumcircle and the only choice is the circumradius of the convex quadrangle. If

S2 > 0, then we use the equality

r abed
AR} — 4R} =

where r = ryrors. It shows that r > 0 yields R, > R« and vice-versa. Entanglement
eigenvalue always takes the maximal value. Therefore, A2, = 4R2 if 7 > 0 and
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A2

max

analyze the condition r < 0.

= 4R? if r < 0. Thus 7 = 0 is the separating surface and it is necessary to

Suppose a > b > ¢ > d. Then 79 and r3 are positive. Therefore r is negative if

and only if 1 is negative, which implies

a?+d* > b+ A (4.53)

Now suppose a > d > b > c¢. Then r; is negative and rj3 is positive. Therefore ry

must be positive, which implies

a’ +c2 > v+ d> (4.54)

It is easy to see that in both cases left hand sides contain the largest and smallest

coefficients. This result can be generalized as follows: r < 0 if and only if

1
2> 3~ s2. (4.55)
It remains to separate the validity domains between the crossed-quadrangle and
the largest coefficient. We can use three equivalent ways to make this separation:
1)to use the geometric picture and to see when 4R% and [? coincide,
2)directly factorize equation u, = +1,

3)change the sign of the parameter d.
All of these give the same result stating that Eq.(4.34) is valid if

1 abed
2
<- - .
* < 5 B (4.56)
Inequalities (4.55) and (4.56) together yield
125 > abed. (4.57)

This inequality is contradicted by (4.44) unless [2s?> = abed. Special cases like
1252 = abcd are considered in the next section. Now we would like to comment the fact
that crossed quadrangle survives only in exceptional cases. Actually crossed case can
be obtained from the convex cases by changing the sign of any parameter. It crucially
depends on signs of parameters or, in general, on phases of parameters. On the other
hand all phases in Eq.(4.8) can be eliminated by LU-transformations. For example,
the phase of d can be eliminated by redefinition of the phase of the state function |¢))
and the phases of remaining parameters can be absorbed in the definitions of basis
vectors |1) of the qubits A, B and C. Owing to this entanglement eigenvalue being
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max
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Figure 4.2: Plot of d-dependence of A% when a =b = c. When d — 1, A2 _ goes

max

to 1 as expected. When d = 0, A2 becomes 4/9, which coincides with the result of

max

Ref.[43]. When 7 = 0 which implies a = d = 1/2, A2, becomes 1/2 (it is shown as

dotted line). When d = 2a, which implies d = \/4/7, A2, goes to 4/7, which is one

of shared states (it is also shown as another dotted line).

LU invariant quantity does not depend on phases. However, crossed case is relevant if
one considers states given by Generalized Schmidt Decomposition(GSD) [68]. In this
case phases can not be gauged away and crossed case has its own range of definition.
This range has shrunk to the separating surface r = 0 in our case.

Now we are ready to present a distinct separation of the validity domains:

ARZ, if 1> <1/2+ abed/I?
2 if 12>1/2+ abed/I?

2
Amax -

(4.58)

2
max

As an illustration we present the plot of d-dependence of A in Fig.2 when
a=b=c

We have distinguished three types of quantum states depending on which ex-
pression takes entanglement eigenvalue. Also there are states that lie on surfaces

separating different applicable domains. They are shared by two types of quantum
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states and may have interesting features. We will call those shared states. Such shared

states are considered in the next section.

4.5 Shared States.

Consider quantum states for which both convex and crossed quadrangles yield the

same entanglement eigenvalue. Eq.(4.36) is not applicable and we rewrite equations
(4.27) and (4.35) as follows

1 r 1 r
AR2=-(1- —= AR = - (1- —= ). 4.59
2 ( 165’3) ’ 2 < 16Si) ( )
These equations show that if the state lies on the separating surface r = 0, then
entanglement eigenvalue is a constant

Az -1 (4.60)

max 2

and does not depend on the state parameters. This fact has a simple interpretation.
Consider the case 71 = 0. Then b*>+c? = a®>+d? = 1/2 and the quadrangle consists of
two right triangles. These two triangles have a common hypotenuse and legs b, ¢ and
a, d, respectively, regardless of the triangles being in the same semicircle or in opposite
semicircles. In both cases they yield same circumradius. Decisive factor is that the
center of the circumcircle lies on the diagonal. Thus the perimeter and diagonals
of the quadrangle divide ranges of definition of the convex quadrangle. When the
center of circumcircle passes the perimeter, entanglement eigenvalue changes-over
from convex circumradius to the largest coefficient. And if the center lies on the
diagonal, convex and crossed circumradiuses become equal.

We would like to bring plausible arguments that this picture is incomplete and
there is a region that has been shrunk to the point. Consider three-qubit state given
by GSD

|¥) = a|100) + b[010) + b[001) + d|111) + €|000). (4.61)

One of parameters must have non-vanishing phase[68] and we can treat this phase
as an angle. Then, we have five sides and an angle. This set defines a sexangle that has
circumcircle. One can guess that in a highly entangled region entanglement eigenvalue
is the circumradius of the sexangle. However, there is a crucial difference. Any convex
sexangle contains a star type area and the sides of this area are the diagonals of
the sexangle. The perimeter of the star separates the convex and the crossed cases.
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Unfortunately, we can not see this picture in our case because the diagonals of a
quadrangle confine a single point. It is left for future to calculate the entanglement
eigenvalues for arbitrary three qubit states and justify this general picture.

Shared states given by r = 0 acquire new properties. They can be used for perfect
teleportation and superdense coding [66, 105, 115]. This statement is not proven

clearly, but also no exceptions are known.

Now consider a case where the largest coeflicient and circumradius of the convex
quadrangle coincide with each other. The separating surface is given by
1 abcd
P=z+—. 4.62
Entanglement eigenvalue ranges within the narrow interval

% <r <4 (4.63)

max — 7

It separates slightly and highly entangled states. When one of coefficients is large
enough and satisfies the relation [ > 1/2 + abed/I?, entanglement eigenvalue takes a
larger coefficient. And the expression (4.8) for the state function effectively takes the
place of Schmidt decomposition. In highly entangled region no similar picture exists
and all coeflicients participate in equal parts and yield the circumradius. Thus, shared
states given by Eq.(4.62) separate slightly entangled states from highly entangled
ones, and can be ascribed to both types.

What is the meaning of these states? Shared states given by » = 0 acquire new and
important features. One can expect that shared states dividing highly and slightly
entangled states also must acquire some new features. However, these features are

yet to be discovered.

4.6 Conclusions

We have considered three-parametric families of three qubit states and derived ex-
plicit expressions for entanglement eigenvalue. The final expressions have their own
geometrical interpretation. The result in this chapter with the results of Ref.[66]
show that the geometric measure has two visiting cards: the circumradius and the
largest coefficient. The geometric interpretation may enable us to predict the answer
for the states given by GSD. If the center of circumcircle lies in star type area con-
fined by diagonals of the sexangle, then entanglement eigenvalue is the circumradius
of the crossed sexangle(s). If the center lies in the remaining part of sexangle, the
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entanglement eigenvalue is the circumradius of the convex sexangle. And when the
center passes the perimeter, then entanglement eigenvalue is the largest coefficient.
Although we cannot justify our prediction due to lack of computational technique,
this picture surely enables us to take a step toward a deeper understanding of the
entanglement measure [69].

Shared states given by r = 0 play an important role in quantum information
theory. The application of shared states given by Eq.(4.62) is somewhat questionable,
and should be analyzed further. It should be pointed out that one has to understand
the properties of these states and find the possible applications. We would like to
investigate this issue elsewhere.

Finally following our procedure, one can obtain the nearest product state of a
given three-parametric W-type state. These two states will always be separated by
a line of densities composed of the convex combination of W-type states and the
nearest product states [116]. There is a separable density matrix gp which splits the
line into two parts as follows. One part consists of separable densities and another
part consists of non-separable densities. It was shown in Ref.[116] that an operator
W = 0o — pABC — tr[oo(00 — pAPC)|I has the properties tr(WpABY) < 0, and
tr(Wo) > 0 for the arbitrary separable state p. The operator W is clearly Hermitian
and thus is an entanglement witness for the state. Thus our results allow oneself to
construct the entanglement witnesses for W-type three qubit states. However, the
explicit derivation of gy seems to be highly non-trivial [117, 118].
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Chapter 5

Three-qubit Groverian

measure

Recently, much attention is paid to quantum entanglement[119]. It is believed in
quantum information community that entanglement is the physical resource which
makes quantum computer outperforms classical one[32]. Thus in order to exploit
fully this physical resource for constructing and developing quantum algorithms it
is important to quantify the entanglement. The quantity for the quantification is
usually called entanglement measure.

About decade ago the axioms which entanglement measures should satisfy were
studied[33]. The most important property for measure is monotonicity under local
operation and classical communication(LOCC)[34]. Following the axioms, many en-
tanglement measures were constructed such as relative entropy[35], entanglement
of distillation[36] and formation[37, 38, 39, 40|, geometric measure[41, 42, 43, 116],
Schmidt measure[108] and Groverian measure[46]. Entanglement measures are used
in various branches of quantum mechanics. Especially, recently, they are used to try
to understand Zamolodchikov’s c-theorem|[47] more profoundly. It may be an impor-
tant application of the quantum information techniques to understand the effect of
renormalization group in field theories[48].

The purpose of this chapter is to compute the Groverian measure for various

three-qubit quantum states.The Groverian measure G(v) for three-qubit state |¢) is

defined by G(¢)) = /1 — Prax where

Prae = max |<Q1|<Q2|<Q3|1/1>|2 (51)

lg1):lq2)lq3)
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Thus Ppq. can be interpreted as a maximal overlap between the given state |¢)
and product states. Groverian measure is an operational treatment of a geometric
measure. Thus, if one can compute G(1), one can also compute the geometric measure
of pure state by G?(1). Sometimes it is more convenient to re-express Eq.(5.1) in
terms of the density matrix p = [¢)(¢)|. This can be easily accomplished by an

expression

Prnaz =, maxc Tr [pR' ® R* ® R%| (5.2)
where R* = |g;){q;| density matrix for the product state. Eq.(5.1) and Eq.(5.2) mani-
festly show that P, and G(¢) are local-unitary(LU) invariant quantities. Since it is
well-known that three-qubit system has five independent LU-invariants[71, 68, 120],
say J;(i =1,---,5), we would like to focus on the relation of the Groverian measures
to LU-invariants J;’s in this chapter.

This chapter is organized as follows. In section 5.1 we review simple case, i.e.
two-qubit system. Using Bloch form of the density matrix it is shown in this section
that two-qubit system has only one independent LU-invariant quantity, say J. It
is also shown that Groverian measure and P,,,, for arbitrary two-qubit states can
be expressed solely in terms of J. In section 5.2 we have discussed how to derive
LU-invariants in higher-qubit systems. In fact, we have derived many LU-invariant
quantities using Bloch form of the density matrix in three-qubit system. It is shown
that all LU-invariants derived can be expressed in terms of J;’s discussed in Ref.[68].
Recently, it was shown in Ref.[64] that P, for n-qubit state can be computed from
(n —1)-qubit reduced mixed state. This theorem was used in Ref.[66] and Ref.[67] to
compute analytically the geometric measures for various three-qubit states. In this
section we have discussed the physical reason why this theorem is possible from the
aspect of LU-invariance. In section 5.3 we have computed the Groverian measures for
various types of the three-qubit system. The five types we discussed in this section
were originally developed in Ref.[68] for the classification of the three-qubit states.
It has been shown that the Groverian measures for type 1, type 2, and type 3 can
be analytically computed. We have expressed all analytical results in terms of LU-
invariants J;’s. For type 4 and type 5 the analytical computation seems to be highly
nontrivial and may need separate publications. Thus the analytical calculation for
these types is not presented in this chapter. The results of this section are summarized
in Table I. In section 5.4 we have discussed the modified W-like state, which has three-
independent real parameters. In fact, this state cannot be categorized in the five types
discussed in section 5.3. The analytic expressions of the Groverian measure for this
state was computed recently in Ref.[67]. It was shown that the measure has three
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different expressions depending on the domains of the parameter space. It turned
out that each expression has its own geometrical meaning. In this section we have
re-expressed all expressions of the Groverian measure in terms of LU-invariants. In

section 5.5 brief conclusion is given.

5.1 Two Qubit: Simple Case

In this section we consider P, for the two-qubit system. The Groverian measure
for two-qubit system is already well-known|[93]. However, we revisit this issue here to
explore how the measure is expressed in terms of the LU-invariant quantities. The
Schmidt decomposition[121, 122] makes the most general expression of the two-qubit

state vector to be simple form
1) = A0l00) 4 A1[11) (5.3)

with Ag, A1 > 0 and A3 + A7 = 1. The density matrix for [1)) can be expressed in the

Bloch form as following;:

1
pP= |1/}><1/)| = Z []1 QL+ 11000 @1 +v2,1 @ 0o + JapfOa ® Uﬁ] , (54)
where
0 201 0 0
= Uy = 0 , Jap = 0 —2X\A 0 |. (5.5)
/\(2) — )2 0 0 1

In order to discuss the LU transformation we consider first the quantity UcoUT

where U is 2 X 2 unitary matrix. With direct calculation one can prove easily
UooU' = Onp03, (5.6)

where the explicit expression of O,g is given in appendix A. Since O,g is a real
matrix satisfying OOT = OTO = 1, it is an element of the rotation group O(3).
Therefore, Eq.(5.6) implies that the LU-invariants in the density matrix (5.4) are
|91, 0], Tr[gg"] etc.

All LU-invariant quantities can be written in terms of one quantity, say J = A\3\3.
In fact, J can be expressed in terms of two-qubit concurrence[39] C by C?/4. Then it

is easy to show
017 = [5a)* = 1 — 47, (5.7)
GapGap = 14 8J.
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CHAPTER 5. THREE-QUBIT GROVERIAN MEASURE

It is well-known that P,,,, is simply square of larger Schmidt number in two-qubit

case

P,ar = max (/\(2), )\f) ) (5.8)

It can be re-expressed in terms of reduced density operators

Pros = % (14 VT~ ddetp] (5.9)

where p? = Trpp = (14+v1404)/2. Since Ppq, is invariant under LU-transformation,
it should be expressed in terms of LU-invariant quantities. In fact, Ppq, in Eq.(5.9)

can be re-written as

Pras = % {1 n m} . (5.10)

Eq.(5.10) implies that P4, is manifestly LU-invariant.

5.2 Local Unitary Invariants

The Bloch representation of the 3-qubit density matrix can be written in the form

1
P=3 1R1R1 411000 @11 + 120l ®0q @1+ 0301 QL ® 0

+hJ1 ® 00 ® 05+ )00 @ 1@ 05+ h()oa 0@ 1

+9aBv0a ® 0 & Oy, (511)

where o, is Pauli matrix. According to Eq.(5.6) and appendix A it is easy to show
that the LU-invariants in the density matrix (5.11) are |#|, |Ts], |¥3], Tr[pMRMT],
TeRORCIT], TrAGhOT), o gapy ete.

Few years ago Acin et al[68] represented the three-qubit arbitrary states in a

simple form using a generalized Schmidt decomposition[121, 122] as following;:
[9) = Xo]000) + A1e?[100) + A2|101) + A3]|110) + M\g|111) (5.12)

with A; > 0,0 < ¢ <, and Y, A7 = 1. The five algebraically independent polyno-
mial LU-invariants were also constructed in Ref.[68]:
Jr = AN+ N2A2 — 20 M d3 Ay cos g, (5.13)
Jo = A5A3, J3 = A5A3, Ja =AML,
Js = /\%(Jl + )\%/\g — )\%)\i)
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In order to determine how many states have the same values of the invariants
J1, Ja, ...J5, and therefore how many further discrete-valued invariants are needed to
specify uniquely a pure state of three qubits up to local transformations, one would
need to find the number of different sets of parameters ¢ and A\; (¢ = 0, 1, ...4), yielding
the same invariants. Once A is found, other parameters are determined uniquely and

therefore we derive an equation defining A\ in terms of polynomial invariants.

(J1 + TNy — (J5 + J)NE + Jods + JoJy + JaJy + JE = 0. (5.14)

This equation has at most two positive roots and consequently an additional
discrete-valued invariant is required to specify uniquely a pure three qubit state.
Generally 18 LU-invariants, nine of which may be taken to have only discrete values,
are needed to determine a mixed 2-qubit state [123].

If one represents the density matrix |¢)(¢| as a Bloch form like Eq.(5.11), it is
possible to construct vy, V24, V3a, h((llﬁ), h((fﬁ), hSﬁ), and g, explicitly, which are
summarized in appendix B. Using these explicit expressions one can show directly
that all polynomial LU-invariant quantities of pure states are expressed in terms of

J; as following:

01* = 1= 4(Jo + J5 + Ju), G2 =1 — A(Jy + J5 + J4) (5.15)
032 =1 = 4(J1 + Jo + Ju), Te[hOROT) =1 + 4(2J, — Jo — J5)
Th@RAT) =1 - 4(Jy — 20a + J5),  Te[h®RET] =1 — 4(Jy + Jy — 2J5)
JaprGapy = 1+ 4(2J1 + 202 + 2J5 + 3.J4)

hfg’l}g‘l)véf) =1—-4(J1+Ja+ Js+ Js— J5).

Recently, Ref.[64] has shown that P, for n-qubit pure state can be computed

from (n — 1)-qubit reduced mixed state. This is followed from a fact

max Tr[pR'®@R*® - ®R"|= max TrpR'®@R*® ---@R"'®1]
RI,R2“~Rn R17R2_,,Rn—1
(5.16)

which is Theorem I of Ref.[64]. Here, we would like to discuss the physical meaning
of Eq.(5.16) from the aspect of LU-invariance. Eq.(5.16) in 3-qubit system reduces
to
AB pl 2
Praz = Il%rllaj%g [p R @R } (517)
where pA8 = Trcp. From Eq.(5.11) pA® simply reduces to
1
p=1 []l@]l—l—vlaoa © 1+ 020l @ 00 + h$)oa ®gﬁ} (5.18)
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fg are explicitly given in appendix B. Of course, the LU-invariant

where v14, V2 and h
quantities of pAB are ||, |7, Te[h®IABIT], hfﬁ)vlavgg etc, all of which, of course,
can be re-expressed in terms of Ji, Jo, J3, J4 and Js. It is worthwhile noting that
we need all J;’s to express the LU-invariant quantities of pAZ. This means that the
reduced state p® does have full information on the LU-invariance of the original
pure state p.

Indeed, any reduced state resulting from a partial trace over a single qubit
uniquely determines any entanglement measure of original system, given that the
initial state is pure. Consider an (n — 1)-qubit reduced density matrix that can be
purified by a single qubit reference system. Let |¢/) be any joint pure state. All other
purifications can be obtained from the state |¢/') by LU-transformations U ® 1%("~1),
where U is a local unitary matrix acting on single qubit. Since any entanglement mea-
sure must be invariant under LU-transformations, it must be same for all purifications
independently of U. Hence the reduced density matrix determines any entanglement
measure on the initial pure state. That is why we can compute P,,,; of n-qubit pure
state from the (n — 1)-qubit reduced mixed state.

Generally, the information on the LU-invariance of the original n-qubit state is
partly lost if we take partial trace twice. In order to show this explicitly let us consider
p? = TrgpAP and pP = Trp”B:

1

pt = 5 [1+v1a00] (5.19)
1

pB = 5 []l + U2a0a] .

Eq.(5.6) and appendix A imply that their LU-invariant quantities are only || and
|U2] respectively. Thus, we do not need Js; to express the LU-invariant quantities
of pA and pP. This fact indicates that the mixed states p and p? partly loose the
information of the LU-invariance of the original pure state p. This is why (n—2)-qubit

reduced state cannot be used to compute P,,,, of n-qubit pure state.

5.3 Calculation of P,

5.3.1 General Feature

If we insert the Bloch representation

_1+5-7 polt%-d

Rl
2 2

(5.20)
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5.3. CALCULATION OF Parax

with |81]| = |S2| = 1 into Eq.(5.17), Ppas for 3-qubit state becomes

1 Lo LS
Pmam = Z . In%X [1 =+ 1+ S1 =+ To - S92 + gijSliSQj] (521)
|51]=52|=1
where
S A=
71 = Tr [pF] (5.22)
7y = Tr [pBE]
Gij = Tr [pABO'i (24 O'j] .
Since in Eq.(5.21) P4, is maximization with constraint |§1| = |52| = 1, we should

use the Lagrange multiplier method, which yields a pair of equations

7?1 + g§2 = A1§1 (523)

o T o
72+ ¢° 51 = Aa5a,

where the symbol g represents the matrix g;; in Eq.(5.22). Thus we should solve s,
S9, A1 and Ag by eq.(5.23) and the constraint |51| = |82 = 1. Although it is highly
nontrivial to solve Eq.(5.23), sometimes it is not difficult if the given 3-qubit state
|t)) has rich symmetries. Now, we would like to compute P, for various types of
3-qubit system.

5.3.2 Type 1 (Product States): J, = Jo,=J;5=J,=J5=0

In order for all J;’s to be zero we have two cases \g = J1 =0 or \g = A3 = A4 = 0.

If Ao =0, |¢) in Eq.(5.12) becomes |¢) = |1) ® | BC) where
|BC) = \1€™|00) + A2|01) 4+ A3|10) + Ag[11). (5.24)

Thus P, for |¢) equals to that for |BC). Since |BC) is two-qubit state, one can
easily compute Py, using Eq.(5.9), which is

Pros = % [1 + /T~ 4det (TrB|BC><BC|)] - % {1 /1o 4J1] . (5.25)

If, therefore, A\g = J; = 0, we have P,,,, = 1, which gives a vanishing Groverian

measure.
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A=A3=M=0

In this case |¢) in Eq.(5.12) becomes
[¥) = (Mol0) + Aie™?[1)) @ [0) ® [0).

Since |¢) is completely product state, Py,q, becomes one.

5.3.3 Type2a (biseparable states)

In this type we have following three cases.

Jl#OandJ2:J3:J4:J5:O

(5.26)

In this case we have A\g = 0. Thus Py, for this case is exactly same with Eq.(5.25).

Jg#OandJ1:J3:J4:J5:O

In this case we have Ay = Ay = 0. Thus Py, for 1) equals to that for |AC), where

|AC) = Xg|00) 4+ A1e™|10) + Aa|11).

Using Eq.(5.9), therefore, one can easily compute Py,q,, which is

1
Proaz = 5 [1 +/1- 4J2} .
Jg;éOand J1:J2:J4:J5:O
In this case Ppqy for 1) equals to that for |AB), where
|AB> e /\0|OO> + /\16i“"|10> + )\3|11>
Thus P4, for |¢) is

Pmam=%[1+my

5.3.4 Type2b (generalized GHZ states):
Ji A0, Jy=Jy=Js = Js =0

In this case we have Ay = Ay = A3 = 0 and [¢) becomes
1) = A0|000) + A4[111)
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with A3 + A7 = 1. Then it is easy to show

= Tr [p*G] = (0,0, A3 — \)) (5.32)
7y = Tr [chﬂ =(0,0,A3 — \)
0 0 0
95 =Tr [p*Po;@0;]=] 0 0 0
0 0 1
Thus P,,.. reduces to
_ l 2 42
Prax = max [1 + (A — AD)(s12 + s22) + 512522] ) (5.33)

4 |5 |=|52|=1

Since Eq.(5.33) is simple, we do not need to solve Eq.(5.23) for the maximization. If
Ao > A4, the maximization can be achieved by simply choosing 81 = 55 = (0,0, 1). If

Ao < Ay, we choose §; = §3 = (0,0, —1). Thus we have
Prae = max(A\2, \2). (5.34)

In order to express Pq, in Eq.(5.34) in terms of LU-invariants we follow the

following procedure. First we note

1
Pras = 3 (03 X + 1 - X1 (5.3

Since |A2 — A2| = /(A2 + A2)2 — 4\2)2 = /1 — 4J4, we get finally
Pras = % [1 +/1- 4J4} . (5.36)

5.3.5 Type3a (tri-Bell states)

In this case we have A\; = Ay =0 and |¢)) becomes
[1)) = Ao|000) + A2|101) + A3]|110) (5.37)

with A2 + A3 + A3 = 1. If we take LU-transformation o, in the first-qubit, [t) is
changed into |¢’) which is usual W-type state[65] as follows:

[9) = Ao|100) + A3|010) + A2|001). (5.38)
The LU-invariants in this type are
Jy = A3)N3 Jo = A2)3 (5.39)
Js = AgA Js = 2A3A3)3.
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Then it is easy to derive a relation

1
N2t Tids + Jods = N DT ds = s, (5.40)

Recently, Pp,q, for |¢') is computed analytically in Ref.[66] by solving the La-
grange multiplier equations (5.23) explicitly. In order to express P4, explicitly we
first define

o= AN - (5.41)
ro = AN+ -
ry = AN+ -
w = 2)\0/\3.
Also we define
a = max(/\o, )\27 )\3) (542)

= Hlid(/\o,)\z,)\g)
c = Inin()\o,)\g,)\g).

Then P, is expressed differently in two different regions as follows. If a? > b + ¢2,

Py 0z becomes
P> =a® =max(A\3,\3, \3). (5.43)

max

In order to express Pyq, in terms of LU-invariants we express Eq.(5.43) differently
as

1
Prae = 7 [O8 25+ X0 + N+ A5 = 3]+ N = A3 + 23] + N = A3 = 23]
(5.44)
Using equalities

3423 X = /14NN 4N = VT A(i + 1) (5.45)

02 =23+ X3 = /140202 — 40303 = /T 4(J, + Jo)
N3 =23 = X3 = /1 - 40303 — N3N = /T~ 4(Jo + T,

we can express Prq. in Eq.(5.43) as follows:

Pz = i [1 + V1= 4(J1+ J2) + V1 =4y + J3) + /1 —4(J2 + J3)} . (5.46)
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If a® < b2 + 2, P45 becomes

w\/(uﬂ +7r? — T%)(wQ +7r2 — T%) — r1rors3

1
Proz =~ |1+ >
W — T3

max 4

(5.47)

It was shown in Ref.[66] that Pp,q. = 4R?, where R is a circumradius of the triangle
Ao, A2 and A3. When a? < b2 + 2, one can show easily r1 = /1 —4(Jy + J3),

ro =+/1 —4(J1 + J3),r3 = /1 — 4(J1 + J2), and w = 2/ J3. Using w?—rZ—rirars =

8A2A3)0%, One can show easily that P, in Eq.(5.47) in terms of LU-invariants

4/ J1 2 J.
Prow = e (5.48)
4(J1+J2+J3) —1
Let us consider Ao = 0 limit in this type. Then we have Jo = J3 = 0. Thus P,

max

reduces to (1/2)(14+/1 — 4.J;1) which exactly coincides with Eq.(5.25). By same way

one can prove that Eq.(5.46) has correct limits to various other types.

becomes

5.3.6 Type3b (extended GHZ states)

This type consists of 3 types, i.e. A1 = A2 =0, \; = A3 =0 and Ao = A3 =0.

In this case the state (5.12) becomes
[1) = Ao|000) + A3]|110) + A4]111) (5.49)
with A2 + A2 + A7 = 1. The non-vanishing LU-invariants are
Jy = N3N, Jy = A3\5. (5.50)
Note that Js + Jy4 is expressed in terms of solely A\g as
Js+Jy = A5 (1 = \d). (5.51)
Eq.(5.49) can be re-written as
) = Xo[00g1) + /1 = A3[11g2) (5.52)

where |q1) = |0) and |g2) = (1/y/1 — A2)(A3]0) + A\4|1)) are normalized one qubit
states. Thus, from Ref.[66], Ppqq for |1) is

Pras = max (A5, 1 — A3) = [1 +4/(1— 2/\3)2} : (5.53)

N | =
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With an aid of Eq.(5.51) Ppa. in Eq.(5.53) can be easily expressed in terms of LU-

invariants as following:

1
Pras = 5 [1 /1= 4(5 + J4)] . (5.54)
If we take A3 = 0 limit in this type, we have J3 = 0, which makes Eq.(5.54) to be
(1/2)(1 + /1 — 4J4). This exactly coincides with Eq.(5.36).
A =Ax3=0

In this case |¢) and LU-invariants are

) = Xo]0g10) + /1 — A2[1ga1) (5.55)

and

Jo = MN2\3, Jy= N3 (5.56)

where |q1) = |0), |g2) = (1/4/1 — A3)(A2|0) + A\4[1)), and A\Z + A3 + A7 = 1. The same
method used in the previous subsection easily yields

Pros = % [1 /T 40 1 J4)} : (5.57)

One can show that Eq.(5.57) has correct limits to other types.

In this case |¢) and LU-invariants are

V) = /1= AZlq100) + Aslg211) (5.58)

and

Ji = A2 Jy = 2)\3 (5.59)

where |q1) = (1/4/1 = A2)(X0]0) + A1e|1)), |q2) = |1), and A3 + A3 + A3 = 1. It is
easy to show

Pros = % [1 /T 40 1 J4)} : (5.60)

One can show that Eq.(5.60) has correct limits to other types.
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5.3.7 Typeda (\; =0)
In this case the state vector |¢) in Eq.(5.12) reduces to

[¥) = X000 + A1e®|100) + Aa|101) + A3]110) (5.61)
with A2 + A? + A3 + A% = 1. The non-vanishing LU-invariants are

Ji = A3)\3 Jo = A2)\3 (5.62)
Js = AeA3 Js = 20222

From Eq.(5.62) it is easy to show

1
Vs = 575, (5.63)

The remarkable fact deduced from Eq.(5.62) is that the non-vanishing LU-invariants
are independent of the phase factor . This indicates that the Groverian measure for
Eq.(5.61) is also independent of ¢

In order to compute P4, analytically in this type, we should solve the Lagrange

multiplier equations (5.23) with

7 = Tr[p?5] = (2XoA1 cos @, 2001 sin @, 203 — 1) (5.64)
7y = Tr[pP &) = (2A1 A3 cos o, —2X1 Azsinp, 1 — 2/\§)

2X0A3 0 2XpA1 cos
Gij = Tr[p?Bo; ® oj] = 0 —2X0\3 2 01 sin @

—2M\Azcosp 2\ Azsing A2 — A2 — A2 4+ A2

Although we have freedom to choose the phase factor ¢, it is impossible to find
singular values of the matrix g, which makes it formidable task to solve Eq.(5.23).
Based on Ref.[66] and Ref.[67], furthermore, we can conjecture that Py, for this type
may have several different expressions depending on the domains in parameter space.
Therefore, it may need long calculation to compute P, analytically. We would like
to leave this issue for our future research work and the explicit expressions of P4z

are not presented in this chapter.

5.3.8 Typedb

This type consists of the 2 cases, i.e. A2 =0 or A3 =0.
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A2 =0
In this case the state vector |¢) in Eq.(5.12) reduces to
) = Ao|000) + A1e™®[100) + A3|110) + Ag|111) (5.65)
with A2 + A? + A3 + A\ = 1. The LU-invariants are
Ji=M\ T3 =030 Ji= 33 (5.66)

Eq.(5.66) implies that the Groverian measure for Eq.(5.65) is independent of the
phase factor @ like type 4a. This fact may drastically reduce the calculation procedure
for solving the Lagrange multiplier equation (5.23). In spite of this fact, however,
solving Eq.(5.23) is highly non-trivial as we commented in the previous type. The
explicit expressions of the Groverian measure are not presented in this chapter and

we hope to present them elsewhere in the near future.

A3 =0
In this case the state vector |¢) in Eq.(5.12) reduces to
1Y) = Ao|000) + A1e™®[100) + Ag|101) + Ag|111) (5.67)
with A2 + A2 + A2 + \2 = 1. The LU-invariants are
Ji=MA\ =230 Ji= 3D (5.68)

Eq.(5.68) implies that the Groverian measure for Eq.(5.67) is independent of the
phase factor ¢ like type 4a.

5.3.9 Typedc (A =0)
In this case the state vector |¢) in Eq.(5.12) reduces to

1)) = Ao|000) + A2|101) + A3[110) + Ag[111) (5.69)
with AZ + A3 + A3 + A\ = 1. The LU-invariants in this type are

J1 =233 Jo=MA3 J3 = A3 (5.70)
Ji=NA] T = 203035

From Eq.(5.70) it is easy to show
1
Ji(Jo + I3+ Jy) + JoJs =/ J1J2ds = §J5. (5.71)
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In this type 71, 7 and g;; defined in Eq.(5.22) are

7 = (0,0,2\3 — 1) (5.72)
Ty = (2221, 0, A2 + A3 — A3 — \})

2203 0 0
Gij = 0 —2X0A3 0

—2A 0 1—2x2

Like type 4a and type 4b solving Eq.(5.23) is highly non-trivial mainly due to non-
diagonalization of g;;. Of course, the fact that the first component of 7% is non-zero
makes hard to solve Eq.(5.23) too. The explicit expressions of the Groverian measure

in this type are not given in this chapter.

5.3.10 Type5 (real states): ¢ =0, 7
p=20
In this case the state vector |¢) in Eq.(5.12) reduces to
1) = Ag|000) + A1[100) + A2|101) + Ag|110) + Ag[111) (5.73)
with A2 + A2 + A3 + A2 + A2 = 1. The LU-invariants in this case are

Ji=Mads —MM)? =230 3= A\3A3 (5.74)
Jo= 2303 J5 = 2023 (Mads — A A).

It is easy to show /J1JJoJ3 = J5/2.
p=7
In this case the state vector |¢) in Eq.(5.12) reduces to
1) = A0]000) — A1|100) + Aa|101) + Ag|110) + Ag|111) (5.75)
with A3 + A? + A3 + A2 + A3 = 1. The LU-invariants in this case are

J1 = ()\2)\3 + /\1/\4)2 Jo = )\%)\% J3 = )\8/\% (576)
T =N J5 = 223023 Mads + A ).

It is easy to show /J1JoJ3 = J5/2 in this type.
The analytic calculation of Py, in type 5 is most difficult problem. In addition,
we don’t know whether it is mathematically possible or not. However, the geometric
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Type ‘ conditions Pz
Type I Ji=0 1
J; = 0 except J; % (1 + m)
Type Il | a | J; = 0 except Jo % (1 + \/W)
J; = 0 except J3 3 (1+V1T=14J5)

b | J; =0 except Jy T (1+V1I=47,)
AM=X=0 %(1+\/l—4(J1+J2)+\/1—4(J1+J3)+\/1—4(J2+J3))
if a2 > b2 4+ 2
4/ JoJds/ (4(J1 + Jo + J3) — 1)
if a2 < b% 4 2
Type III AM=X=0 1 (1 +/1T—4(5 + J4))
b AM=X=0 %(1+«/1—4(J2+J4))
PV — L1+ VT=A(h+ )

a M =0 independent of ¢: not presented
Type IV | b A2 =0 independent of ¢: not presented
A3 =0 independent of ¢: not presented
c A =0 not presented
Type V p=20 not presented
p=m not presented

Table 5.1: Summary of P,,,, in various types.

interpretation of P, presented in Ref.[66] and Ref.[67] may provide us valuable
insight. We hope to leave this issue for our future research work too. The results in

this section is summarized in Table I.

5.4 New Type

5.4.1 standard form
In this section we consider new type in 3-qubit states. The type we consider is
|®) = a|100) + b|010) + ¢[001) + ¢|111), a® +b*+c* +¢* = 1. (5.77)

First, we would like to derive the standard form like Eq.(5.12) from |®). This can be
achieved as following. First, we consider LU-transformation of |®), i.e. (U®1®1)|®),
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where

_ 1 \/a—qeie \/%eie
U_i\/m( iy ) (5.78)

After LU-transformation, we perform Schmidt decomposition following Ref.[68]. Fi-
nally we choose 6 to make all \; to be positive. Then we can derive the standard
form (5.12) from |®) with ¢ = 0 or 7, and

(ac + bq)(ab + cq)
Ao = 5.79
0 \/ aq + be ( )
vab
A = aed la® + > — b% — &
V/(ab + cq)(ac + bg)(aq + be)
1
Ay = /\—Olac — by
Az = i|ab — ¢q|
3= o q
2+/abcq
Ay = YA
Ao

It is easy to prove that the normalization condition a? 4+ b + ¢? 4+ ¢% = 1 guarantees

the normalization

MNAN+AN+A 4+ =1 (5.80)

Since |®) has three free parameters, we need one more constraint between \;’s. This
additional constraint can be derived by trial and error. The explicit expression for

this additional relation is

A

1
A3+ A5+ M%) = 7 = (8 + ADOF + A, (5.81)
4

Since all \;’s are not vanishing but there are only three free parameters, |®) is not

involved in the types discussed in the previous section.
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5.4.2 LU-invariants
Using Eq.(5.79) it is easy to derive LU-invariants which are
1
(ab + cq)?(ac + bq)?
x [2abeqla® + ¢* — b* — 2| — (ag + be)|(ab — cq)(ac — bg)|]
Jo = A2\3 = (ac — bg)?
Js = N3 = (ab - cq)?
Jy = A3\3 = dabeq
Js = A5 (J1 + A3A3 — ATA)) .

Ji= (MM — Aa)g)? = (5.82)

2

One can show directly that J5 = 21/.J; JoJ3. Since |®) has three free parameters, there
should exist additional relation between .J;’s. However, the explicit expression may
be hardly derived. In principle, this constraint can be derived as following. First,
we express the coefficients a, b, ¢, and ¢ in terms of Jy, Js, J3 and Jy using first
four equations of Eq.(5.82). Then the normalization condition a? + b% + ¢ + ¢? = 1
gives explicit expression of this additional constraint. Since, however, this procedure
requires the solutions of quartic equation, it seems to be hard to derive it explicitly.

Since J; contains absolute value, it is dependent on the regions in the parameter

space. Direct calculation shows that Jj is

(aq — be)? when (a® 4 ¢* — b* — c?)(ab — cq)(ac — bg) > 0
Ji =4 (ag—bc)*[1+2(ab— cq)(ac — bg)(ag + be)/(ab + cq)(ac + bg)(ag — be)]*  (5.83)
when (a® 4+ ¢ — b — ¢?)(ab — cq)(ac — bq) < 0.

Since Py,q; is manifestly LU-invariant quantity, it is obvious that it also depends on

the regions on the parameter space.

5.4.3 calculation of P,

Pz for state |®) in Eq.(5.77) has been analytically computed recently in Ref.[67].
It turns out that P,,,, is differently expressed in three distinct ranges of definition in
parameter space. The final expressions can be interpreted geometrically as discussed

in Ref.[67]. To express P4, explicitly we define

=0+ —ad®—¢* ro =a®+c? — b — ¢ (5.84)

rs=a?+b*—c—¢? w=ab+qc w=ab— qc.
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The first expression of P,,4,, which can be expressed in terms of circumradius of

convex quadrangle is

pQ 4(ab + gc)(ac + gb)(ag + be)

max ~ 2 (585)

2 _
4w T3

The second expression of P,,4., which can be expressed in terms of circumradius of

crossed-quadrangle is

cq) _ (ab—cq)(ac — bq)(bc — aq)
PCQ) = I (5.86)
where
1
S2 = E(a—i—b—i—c—i—Q)(a—l—b—c—q)(a—b+c—q)(—a+b+c—q). (5.87)

The final expression of P4, corresponds to the largest coefficient:

1
Pl = max(a®, b, ¢, %) = 7 (14 [r1| + [ra| + [rs]) (5.88)

max

The applicable domain for each P,,q, is fully discussed in Ref.[67].
Now we would like to express all expressions of Py, 4, in terms of LU-invariants. For
the simplicity we choose a simplified case, that is (a%+¢?—b?—c?)(ab—cq)(ac—bq) > 0.

Then it is easy to derive
T% =1—4(Ja+ I3+ Jy) T% =1—-4(J1+ I3+ Ju) (5.89)
T§=1—4(J1+J2+J4) w2:J3+J4.

Then it is simple to express P,%%)m and Pﬁgg) as following:

P _ A/ (J1 + Ja)(J2 + Ja) (J3 + Ja) (5.90)
mae Ay + Jo+ Js+2J4) — 1 '

P(CQ) _ 4\/ J1J2J3
max 4(J1—|—J2+J3+J4)—1'

If we take ¢ = 0 limit, we have \y = J; = 0. Thus P,(,f’?)x and P,%%‘;?) reduce to

4y J1Jod3/(4(J1 + J2 + J3) — 1), which exactly coincides with PS5, in Eq.(5.48).

Finally Eq.(5.89) makes P\, to be

ax

A i (1 + V1= 4(Js + Js + Ja) + /1= 4(J1 + Js + Ja) + /1 — 4(J1 + J2 + J4)).
(5.91)

in Eq.(5.46) when ¢ = 0. This indicates that

our results (5.90) and (5.91) have correct limits to other types of three-qubit system.

One can show that P, equals to P .

71



CHAPTER 5. THREE-QUBIT GROVERIAN MEASURE

5.5 conclusion

We tried to compute the Groverian measure analytically in the various types of three-
qubit system. The types we considered in this chapter are given in Ref.[68] for the
classification of the three-qubit system.

For type 1, type 2 and type 3 the Groverian measures are analytically computed.
All results, furthermore, can be represented in terms of LU-invariant quantities. This
reflects the manifest LU-invariance of the Groverian measure.

For type 4 and type 5 we could not derive the analytical expressions of the mea-
sures because the Lagrange multiplier equations (5.23) is highly difficult to solve.
However, the consideration of LU-invariants indicates that the Groverian measure in
type 4 should be independent of the phase factor ¢. We expect that this fact may
drastically simplify the calculational procedure for obtaining the analytical results of
the measure in type 4. The derivation in type 5 is most difficult problem. However, it
might be possible to get valuable insight from the geometric interpretation of Ppqz,
presented in Ref.[66] and Ref.[67]. We would like to revisit type 4 and type 5 in the
near future.

We think that the most important problem in the research of entanglement is
to understand the general properties of entanglement measures in arbitrary qubit
systems. In order to explore this issue we would like to extend, as a next step, our
calculation to four-qubit states. In addition, the Groverian measure for four-qubit
pure state is related to that for two-qubit mixed state via purification[92]. Although
general theory for entanglement is far from complete understanding at present stage,

we would like to go toward this direction in the future.
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Chapter 6

Toward an understanding of

entanglement for generalized
n-qubit W-states

Entanglement of quantum states [124] plays an important role in quantum informa-
tion, computation and communication(QICC). It is a genuine physical resource for
the teleportation process [19, 57] and makes it possible that the quantum computer
outperforms classical one [32, 97]. It also plays a crucial role in quantum crypto-
graphic schemes [21, 125]. These phenomena have provided the basis for the devel-

opment of modern quantum information science.

Quantum entanglement is a rich field of research. A better understanding of quan-
tum entanglement, of ways it is characterized, created, detected, stored and manipu-
lated, is theoretically the most basic task of the current QICC research. In bipartite
case entanglement is relatively well understood, while in multipartite case even quan-
tifying entanglement of pure states is a great challenge.

The geometric measure of entanglement can be considered as one of the most
reliable quantifiers of multipartite entanglement [41, 42, 43]. It depends on P4,
the maximal overlap of a given state with the nearest product state, and is defined
by the formula E4(¢)) = 1 — Py [43]. The same overlap P4, known also as the
injective tensor norm of ¢ [111], is the maximal probability of success in the Grover’s
search algorithm [24] when the state 1 is used as an input state. This relationship

between the success probability of the quantum search algorithm and the amount of
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entanglement of the input state allows oneself to define an operational entanglement
measure known as Groverian entanglement [46, 93].

The maximal overlap P, is a useful quantity and has several practical applica-
tions. It has been used to study quantum phase transitions in spin models [126, 127]
and to quantify the distinguishability of multipartite states by local means [128].
Moreover, P,,q; exhibits interesting connections with entanglement witnesses and
can be efficiently estimated in experiments [129]. Recently, it has been shown that
the maximal overlap is the largest coefficient of the generalized Schmidt decompo-
sition and the nearest product state uniquely defines the factorizable basis of the
decomposition [130, 131].

In spite of its usefulness one obstacle to use Py,4, fully in quantum information
theories is the fact that it is difficult to compute it analytically for generic states. The
usual maximization method generates a system of nonlinear equations [43]. Thus, it is
important to develop a technique for the computation of P, [64, 132,133, 134, 135].

Theorem I of Ref.[64] enables us to compute P4, for n-qubit pure states by mak-
ing use of (n — 1)-qubit reduced states. In the case of three-qubit states the theorem
effectively changes the nonlinear eigenvalue equations into the linear form. Owing to
this essential simplification Py,q, for the generalized three-qubit W-state [65, 136]
was computed analytically in Ref.[66]. Furthermore, in Ref.[67] P4, was found for
three-qubit quadrilateral states with an elegant geometric interpretation. More re-
cently, based on the analytical results of Ref.[66, 67] and the classification of Ref.[68],
P a2 for various types of three-qubit states was computed analytically and expressed
in terms of local unitary(LU) invariants [69)].

In general, the calculation of the multi-partite entanglement is confronted with
great difficulties. Furthermore, even if we know explicit expressions of entanglement
measure, the separation of the applicable domains is also a nontrivial task [67]. There-
fore, there is a good reason to consider first some solvable cases that allow analytic
solutions and clear separations of the validity domains. Later, these results could be
extended, either analytically or numerically, for a wider class of multi-qubit states. In
the light of these ideas we consider one- and two-parametric n-qubit W-type states
with n > 4 in this chapter.

The chapter is organized as follows. In Sec. 6.1 we clarify our tasks and notations.
In Sec. 6.2 we review the calculational tool introduced in Ref.[64, 66, 67] and explain
how the Lagrange multiplier method gives simple solution to the one-parameter cases.
This method is used Sec. 6.3 for the derivation of P,,,, for one-parameter W-states
in 4-qubit, 5-qubit and 6-qubit systems. In this section the analytical results are
compared with numerical data. In Sec. 6.4 based on the analytical results of the
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previous section we compute Py, for an one-parameter W-state in arbitrary n-qubit
system. In Sec. 6.5 we derive Py,,; for two-parameter W-states in 4-qubit system by
adopting the usual maximization technique. In Sec. 6.6 we analyze two-parameter
results by considering several particular cases. In Sec. 6.7 we discuss the possibility
of extensions of the results to arbitrary W states and the existence of a geometrical

interpretation.

6.1 Summary of Tasks

Let |¢) be a pure state of an n-party system H = H; @ Ho ® - - - ® H,, , where the
dimensions of the individual state spaces Hy, are finite but otherwise arbitrary. The

maximal overlap of |¢) is given by

Praz () = | max [{q1](ga] - <Qn|¢>|2v (6.1)
q1)-lgqn)

where the maximum is taken over all single-system normalized state vectors |g;) €
H}, and it is understood that |)) is normalized.

Let us consider now n-qubit W-type state
[W,) =a1]10---0) 4+ a2|010---0) + -+ 4+ a,|0---01), (6.2)

where the labels within each ket refer to qubits 1,2, -+ ,n in that order.
In this chapter we will compute analytically Pj,q., in the following two cases:
1)for the one-parametric |W,,) when a1 =+ =a,-1 =a and a,, = ¢
2)for the two-parametric |[Wy4) when a1 = a, az = b, as = as = q.
To ensure the calculational validity we use the result of [93], which has shown

that Pyee = (1 —1/n)""! when a; = ag = --- = a,. Thus, the final results of the
one-parametric case should agree with the following:

e If a = g =1/\/n, then P,,,, should be equal to (1 —1/n)""1.

e If ¢ = 0, then |WW,,) becomes |W,,_1) ®10) and, as a result, P,,,. should be equal
to (1 —1/(n—1))"2.

For the two-parametric case Pp,q.(Wy) should have a correct limit when either
a or b vanishes. At a = 0 we have |Wy) = |0) ® |W3) and thus the maximal overlap

should be expressed in terms of the circumradius of the isosceles triangle with sides
b, q,q [66].
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6.2 Calculation Tool

For a pure state of two qubits Py,q, is given by

Pros % [14+ VT—ddetpA], (6.3)

where p4 is reduced density matrix, i.e. Trpp?Z. Therefore, the Bell (and their LU-
equivalent) states have the minimal (Pq, = 1/2) while product states have the
maximal (P4, = 1) overlap.

The explicit dependence of P,,,, on state parameters for the generalized three-
qubit W-state

[W3) = a1|100) + a2|010) + a3|001) (6.4)

was computed in Ref.[66]. In order to express explicitly Ppq.(W3) in terms of state
parameters, we define a set {a, 8,7} as the set {a1, as, a3} in decreasing order. Then
P a2 for the generalized W-state can be expressed in a form

4R%V when o? < 32 + 42

Finas(Ws) = { a? when a? > 32 + 2 (6:5)

where Ry is the circumradius of the triangle with sides a1, a2, az. Similar calcula-
tion procedure can be applied to the 3-qubit quadrilateral state. It has been shown
in Ref.[67] that for this case Pyq. is expressed in terms of the circumradius of a
convex quadrangle. These two separate results strongly suggest that P,., for an
arbitrary pure state has its own geometrical meaning. If we are able to know this
meaning completely, then our understanding on the multipartite entanglement would
be greatly enhanced.

Now, we briefly review how to derive the analytic result (6.5) because it plays
crucial role in next two sections. In Ref.[66] P4, for 3-qubit state is expressed as

Pros = ax [1 +81 -1+ 8 -Th+ gij31i52j] (6.6)

[51]=]52|=1

B~ =

where 5] and 5, are Bloch vectors of the single-qubit states. In Eq.(6.6) 71 = Tr[p?5],
7y = Tr[pP&] and g;; = Tr[p?Bo;®0;], where p?, p? and pAP are appropriate partial
traces of pAB¢ = |W3) (W3] and o; are usual Pauli matrices. The explicit expressions
of 7, 7 and g;; are given in Ref.[66]. Due to maximization over §; and 35 in Eq.(6.6)

we can compute §7 and S5 by solving the Lagrange multiplier equations
1 + g§2 = /\1§1, T + ngl = )\2§25 (67)
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where A; and Ag are Lagrange multiplier constants. Now, we let 51, = s9, = 0 for
simplicity, because those give only irrelevant overall phase factor to (g1 |{ga|{(g3|W3).
After eliminating the Lagrange multiplier constants, one can show that Eq.(6.7)
reduces to two equations. Examining these two remaining equations, one can show

that 57 and S5 have a following relation to each other:
§1(a1, az, a3) = $2(az, a1, as). (6.8)

Using this relation, one can combine these two equations into single one expressed in
terms of solely s, in a final form
\/1_S%z(a1’a25a3) _ w\/]‘_S%z(G’Qva/lvaﬁ) (6.9)

Slz(a17a27a3) T1 _T3slz(a2;alaa3)

where r1 = a3 +a% — a2, ro = a3+ a3 — a3, r3 = a3 + a3 — a3 and w = 2ajas. Defining

a1 = az = a and az = ¢q again, one can solve Eq.(6.9) easily in a form
"1 ¢

S1e =82 = S = e (6.10)

5 2v/2a

S1z = Sop = 1_81Z:4a2—q2

2a2 — 2.

Inserting Eq.(6.10) into Eq.(6.6), one can compute Pp,q, for [W3) with a; = as = a
and s3 = ¢, whose final expression is simply

(1-¢*)?

Pmam: .
2 — 3¢

(6.11)
Eq.(6.11) is consistent with Eq.(6.5) when ¢? < 2a?. When ¢ = 0, Eq.(6.11) gives
Praz = 1/2 which corresponds to that of 2-qubit EPR state. When ¢ = 1//3,
Eq.(6.11) gives Ppq. = 4/9, which is also consistent with the result of Ref.[93].

6.3 Four, five and six qubit W-type states: one-

parametric cases

The method described in the previous section may enable us to compute P4, of
four-qubit W-type states. For the case of arbitrary four-qubit systems P,,,, can be

represented in a form

1+§1'Fl+§2'Fz+§3'773+81i82j9$)
(1)

i+ 515253k Nijk

1
1 . (6.12
B 151 1=i5l=I5s1=1 | +s1483,9 + 521359 (012
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where

f = TrpA3], 7 =Tr[pP5], 7 =Tr[pd], (6.13)

(1) — TT[pBCO',L' ® UJ]

3 2
9i; = Tr(p*Po; @ 0;], ggj) =Tr[p*%0; @ 0j], 9ij

hijr = Tr[pABCJi ® 05 Q ogl.

For the case of the generalized four-qubit W-state all vectors 7, are collinear, all

matrices g*) are diagonal and the vectors 77 are eigenvectors of the matrices g(*) as

following:
Wi 0 0
Be=(0,0m8), g =| 0 w 0 |, k=123 (6.14)
0 0 —rg

In Eq.(6.14) we defined various quantities as following:

2 2 2 2 2

rp =aj +a;+a3z+ai—2a;, wi=2aa3, wy = 2a1a3, ws = 2aiaz. (6.15)
~ 2 2 2 2 = 2 2 2 2 = 2 2 2 2
rL=a3; +az3—aj —ay, ro=aj+az3—a3; —ay, r3=aj +a; —az — ay.

In addition, the non-vanishing components of h;;;, are

hi13 = haas = ws hi31 = hasza = wo hs11 = hza2 = w1 h3sz = —r4.
(6.16)
Due to the maximization in Eq.(6.12) the Bloch vectors should satisfy the following

Lagrange multiplier equations:

14+ gg’)s% + gg?)83j + hijk82j83k = A151; (6.17)
ro; + 93(-?813‘ + 91(;)833‘ + hiijsikss; = Aosa;
T3i + 9§?)81j + 9](;)82]‘ + hjkisijsoe = A3szi.

Now we put s1, = soy = s3, = 0 as before. After removing the Lagrange multiplier
constants Ay, As and As, one can show that Eq.(6.17) reduce to the following three
equations:

S1g 11 — T3S0, — 72832 + W1524532 — 7452:832] = S12 (w2532 (1 + 522) + w3s2, (1 + 532
Soq [T2 — 7351, — 71532 + W2S15532 — T4512832] = S22 (w1532 (1 + 512) + w3s1,(1 + 532)]
S35 13 — T1822 — T2812 + W3515522 — T45128522] = 832 [W2s12(1 4 822) + w152, (1 + 512)] -

(6.18)
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Eq.(6.18) implies that the Bloch vectors have the following symmetries:

= 53(az,a1,a3,a4) = §3(a3,az,al,a4) (6-19)

Therefore, one can compute all Bloch vectors if one of them is known. Using the
symmetries (6.19), we can make single equation from Eq.(6.18) which is expressed in

terms of s1, only in a form

sig(a1,az,a3,a4)  P(ai,a2,a3,a4) (6.20)

Slz(a17a27a’37a4) Q(a’lva/27a’37a/4)

where

P(ai,az,a3,a4) = wz\/l — 52 (ag,az,a1,a4) [1 + s12(az, a1, a3, a4))

—I—LUg\/l - S%Z("’Q? ai,as, CL4) [1 + Slz(a37 az,ai, CL4)]
Q(a1,az,a3,a4) =11 — T351(a2,a1,a3,a4) — T251:(asz, az, a1, as)
_H")l\/1 - S%Z(G'Qv ai,as, CL4)\/1 - S%z(aﬂv az,ai, CL4)

—T4812 (CLQ, ai, as, a4)slz(a3a az, a, a4)'

Defining a1 = a2 = as = a and a4 = ¢, one can solve Eq.(6.20) easily. The final

expressions of solutions are

1
9a2 — ¢

2v/6
S1x = S2p = S3x = 1-— S% \/_a \ 30/2 - q2.

Z:9a2—q2

S1z = S22 = 83z = (621)

Inserting Eq.(6.21) into Eq.(6.12), one can compute Py,qe for [Wy) with a; = ag =
a3z = a and a4 = q whose final expression is
22(1 _ q2)3

B a7 (6.22)

Pmam:

Eq.(6.21) implies that Py, in Eq.(6.22) is valid when ¢? < 3a?. When ¢ = 0, Pa
becomes 4/9 as expected. When g = 1/2, P4, becomes 27/64, which is in agreement
with the result of Ref.[93].

79
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One can repeat the calculation for |Ws) with a; = a2 = a3 = a4 = a and a5 = q.
Then the final expression of P,,,, becomes
33(1 _ q2)4

Pmaz = 1 E_o\3 °
(= 5)

(6.23)
When ¢ = 0, P4, reduces to 27/64 as expected. When ¢ = 1/\/5, Py o reduces to
(4/5)*. By the same way P4, for |[Ws) can be written as
44(1 _ q2)5

Pmaz = T 4 o4 -
(5 —6¢%)*

(6.24)

Fig. 1 is a plot of ¢-dependence of P, for |Wy), [Ws) and |Ws). The black dots
are numerical data computed by the numerical technique exploited in Ref.[93]. The
red solid and red dotted lines are Eq.(6.22), Eq.(6.23) and Eq.(6.24) when ¢ < 1/1/2
and ¢ > 1/v/2 respectively. As expected the numerical data are in perfect agreement
with Eq.(6.22), Eq.(6.23) and Eq.(6.24) in the applicable domain, i.e. ¢*> < (n—1)a®
for |W,). Outside the applicable domain (¢*> > 1/4/2) the numerical data are in

disagreement with these equations.

6.4 General multi-qubit W-type states:

one-parametric cases

From Eq.(6.11), (6.22

), (6.23) and (6.24) one can guess that Py, for W, is (a1 =
= an1 =0, a0 = )

n—2
Praslin) = (1= (52 ) (6.25)

Using this result, one can straightforwardly construct the nearest product state to
|W,.). After some algebra, when ¢> < (n — 1)a?, one can show that the analytic
expression of the nearest product state is |q1) @ |g2) ® - -+ ® |¢n ), where

lgr) =+ = lgn-1) = (6.26)
— 1§2a2 — {\/(n “1)(n — 2)al0) + /(n — 1)aZ — q26i¢|1>}
lgn) = = [Vl = 12— (0~ Dl0) + v~ 2ge]1)]

(- 12a — ¢

and ¢ is an arbitrary phase factor. When ¢? > (n — 1)a?, the nearest product state,

of course, becomes [0---01).
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4-qubit | 5-qubit :

T T T T L L
0.0 0.2 04 06 o 08, 00 02 04 06
Fig. 1(a) Fig. 1(b)

P 6-qubit

L L L
0.0 0.2 0.4 0.6

Fig. 1(c)

Figure 6.1: Plot of g-dependence of Py, for 4-qubit (Fig. 1(a)), 5-qubit (Fig. 1(b)),
and 6-qubit (Fig. 1(c)). The black dots are numerical data of Py,q,. The red solid lines
are result of Eq.(6.25) in the applicable domain, 0 < ¢ < 1//2. The red dotted lines
are result of Eq.(6.25) outside the applicable domain. The blue solid lines are plot of
max(a?,q?) = ¢* outside the applicable domain. This figures strongly suggest that
Prnae for [W,) is Eq.(6.25) when ¢ < 1/v/2 and max(a?, ¢?) = ¢® when ¢ > 1//2.

Now, we present a simple proof for both equations (6.25) and (6.26). It is easy to
check

(g2 qna|Wn) = e V Prazl@n), Q203 @n-1qn| W) = e V Prazlqr)-
(6.27)
The second equation in (6.27) is invariant under the permutations (¢ < ¢;,j =
2,3,---n—1). Thus, the product state satisfies the stationarity equations of Ref.[43]
and consequently, is the nearest separable state. Accordingly, v/Pras is the injective
tensor norm of |W,).
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When g = 0 and ¢ = 1/y/n, Pz reduces to (1 —1/(n—1))""2and (1—1/n)""!
respectively. Thus, Eq.(6.25) is perfectly in agreement with the result of Ref.[93].
Another interesting point in Eq.(6.25) is that P, becomes 1/2 regardless of n
when ¢ = 1/v/2, the boundary of the applicable domain. This makes us conjecture
that outside the applicable domain P, becomes max(a?, ¢%) = ¢? like 3-qubit case.
The blue solid lines in Fig. 1 are plot of ¢? at the domain ¢ > 1/\/5 As we conjecture,
the blue lines are perfectly in agreement of numerical data.

Another consequence of Eq.(6.25) is the entanglement witness W, for an one-

parametric W-type state. Its construction is straightforward as following form:

Wn - mam(na q)]l - |Wn(Q)><Wn(q)|5 (628)

where 1 is a unit matrix. Obviously one can show

Tr (Wn|Wn(q)><Wn(q)|) <0, Tr (Wnpo) >0, (6.29)

where pg is any separable state. Thus, W, is an entanglement witness and allows an

experimental detection of the multipartite entanglement.

6.5 Four-qubit W state: two-parametric cases
In this section we will compute Py,q, for the two-parametric |Wy) given by
[W4) = a]1000) + b|0100) + ¢|0010) + ¢|0001). (6.30)

It seems to be difficult to apply the Lagrange multiplier method directly due to their
non-trivial nonlinearity. Thus, we will adopt the usual maximization method.

The maximum overlap probability P4 is

Praz = max [{a1l{g2|(al(q | Wa)[*. (6.31)

lg1)la2)1q)

Now we define the 1-qubit states as |¢1) = ag|0) + a1]1), |g2) = Bo|0) + F1]1) and
|¢) = 70|0) + v1]1). For simplicity, we are assuming that all coefficients are real and

positive. Then, P,,., becomes
2
Prax = max % (05070\/ 1 —af + baoyoy/1 — (3 + 2qa0fo4/1 — 73) -
@0,50,70
(6.32)
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Since the maximum value is determined at extremum point, it is useful if the ex-
tremum conditions are derived. This is achieved by differentiating Eq.(6.32), which

leads to

o
byoy/1— B3 +2qB0\/1— 73 = aﬁo%ﬁ
— o2
Bo
ay0y/1 = af + 2qa0\/1 = 73 = bagyo ——= 6.33
Ji-7 2 (6.33)
0
afoyor/ 1 — ag +baoyor/1 — 65 + gaofor/1 — 75 = qaofo—r—=—=.
V1=
One can solve the equations by separating o from 3y, 7o, i.e.,

Qg :Q\/l—ﬁg_i_%vl—ﬁ
Vi-a2 a  fo a

Vl_a%:é 60 _%\/1_’73 (634)
ag a\/1-3 a %

Vi-a3 g v g /1-% bJ/1-5

ap a\/1—-~2 a 7 a  Bo

and one can get the solutions for Gy and 7y as follows:

3 4q¢® —a® +1?
2 __ 2
fo=35- B a— (6.35)
o 4¢%(4¢® — a? = b?) — 2¢>\/(4¢2 — a? — b?2)2 + 12a2b2
0= (4¢% + 1% — a?)? — 16¢°D? '

The solution for aq is obtained by separating (y:

S LY (6.36)

a2:§ 4q2—|—a2—b22
079 4¢2

Inserting these extremum solution in P,,,, and rationalizing denominator, one gets

2¢* |:(4q2—a2—b2){(4q2—a2—b2)2—36a2b2}+{(4q2—a2—b2)2+12a2b2}%] 6.37
Praz = {(4g2—a2—b2)2—4a?b2}2 : ( )

Of course, Eq.(6.37) is valid when a? < 8% ++2 + §2, where {a, 3,7,0} is {a,b,q, ¢}
with decreasing order. When a? > 32 + 72 + §2, Py, will be o = max(a?,b?).

The dependence of the maximal overlap on state parameters is shown in Fig.2.
The behavior of Py, in different limits is explained in the next section.
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Figure 6.2: The maximal overlap P,,,; vs. the parameters a and b for the 4-qubit
state. The green and blue areas are highly entangled regions and the maximal overlap
is given by Eq.(6.37). The violet(dark orange) area is a slightly entangled region and
the maximal overlap is max(a?, b?). It is minimal (Pye. = 27/64) at a = b = 1/2
which is the W-state and maximal (P4, = 1) eitherata =1,b=0orata=0,b=1
which are product states.

6.6 Special four-qubit W-type states

In this section we consider some special 4-qubit states.

The first one is a = 0 limit. Since |Wy,) = |0) ® (b|100) + ¢|010) + ¢|001)) in this
limit, one can compute P, using Eq.(6.5). In this limit Eq.(6.37) gives
4q*

Pmam = T 5 319
4q2_b2

(b% < 2¢%). (6.38)

One can show easily that this is perfectly in agreement with Eq.(6.5).
The second special case is @ = ¢ limit. In this limit Eq.(6.37) gives
4(1 - 0%)3

Pmam = 75  A19\9
EETE

(v* < 3¢%) (6.39)
which is also consistent with Eq.(6.22).
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The last special case is 2¢ = a + b limit. Although both denominator and numer-
ator in Eq.(6.37) vanish, their ratio has a finite limit and P, takes correct values
in the applicable domain. The applicable domain is defined by the two restrictions
a? < 2 ++2+6% and 2q = a +b. These restrictions together with the normalization

condition impose upper and lower bounds for the parameters a and b

V2 V2

min(a,b) > o max(a,b) < - (6.40)
The maximum overlap probability P,,q. is
27 (a+b)*
Pras = 56 —ap (6.41)

The limit a = b = ¢ = 1/2 again yields P,,4,=27/64. Another interesting limit is the
case when b(a) is minimal and a(b) is maximal. This limit is reached at a = 3b(b =
3a). Then Eq.(6.41) yields Pa: = 1/2 = o?. These states are first type shared

states[67] and allow perfect teleportation and superdense coding scenario.

6.7 discussion

We have calculated the maximal overlap of one- and two-parametric W-type states
and found their nearest separable states. However, in some sub-region of the param-
eter space one can find the nearest states and corresponding maximal overlaps for
generic W-type states. In fact, the square of any coefficient in Eq.(6.2) is a maximal
overlap in some region of state parameters. It is easy to check that the product state
|01...05-11%041...0,,) is a solution of stationarity equation with entanglement eigen-
value v/Prqaz = ay. From previous results one can guess that this solution gives a

true maximum of the overlap if
ap >ai+a3+-+aj_ +aj, ++ai=1-aj. (6.42)

Then the maximal overlap in the slightly entangled region can be written readily in
the form

. (6.43)

DN | =

2 2 2y 2 2 2
Prar = max(aj, a3, ,a;) if max(aj, a3, - ,a;) >

This formula has the following simple interpretation. Equation (6.42) means that the
state is already written in the Schmidt normal form and the maximal overlap takes
the value of the largest coefficient [131].
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Now the question at issue is what is happening if ai <1/2, k=1,2,--- ,n. From

these inequalities it follows that

1
§(a1+a2+~-~+an) > max(ay, as, -+ ,an). (6.44)

From any set of such coefficients one can form polygons(polyhedrons). This fact is
an indirect evidence that P, has a geometrical meaning. Unfortunately, there is
an obstacle to the goal achievement. The problem is that we have not the answer
for generic states. For example, it is difficult to conclude from Eq.(6.11) that the
expression is the circumradius of a triangle in a particular limit. In general, one
can form many polygons, either convex or crossed, from the set ai,as, ..., a,. Each
of them generates its own geometric quantities that can be treated as the maximal
overlap. This happens because stationarity equations have many solutions in highly
entangled region. And all of these solutions yield the same expression in particular
cases. For example, in Ref.[67] it was shown that all convex and crossed quadrangles
are contracted to the same triangle in particular limits. In conclusion, in order to
find a true geometric interpretation one has to derive P,,,, for generic states.

Another(and probably promising) way to get the desired interpretation is the
following. Since the surface (a? — 1/2)(a3 — 1/2)---(a? — 1/2) = 0 separates highly
and slightly entangled regions, one may ask what is happening on this surface. That
is, we are considering polygons whose sides satisfy the equality af = af +a3 + -+
a%_l + G%H + -+ a2 for any k. For n = 3 we perfectly know that corresponding
polygons are right triangles and the center of a circumcircle lies on the largest side
of a right triangle. Then, we can conclude that if the center of the circumcircle is
inside the triangle, then the maximal overlap is the circumradius and otherwise is
the largest coefficient. However, for n > 4 we do not know what are the polygons for
which the square of the largest side is the sum of squares of the remaining coefficients.
If one understands the geometric meaning of this relation, then one finds a clue.
And this clue may enable us to find P4, for generic W-type states. These type of
analytic expressions can have practical application in QICC and may shed new light
on multipartite entanglement.

All above-mentioned problems owe their origin to the fact that the injective ten-
sor norm is related to the Cayley’s Hyperdeterminant [133]. It is well-known that
this hyperdeterminant has a geometrical interpretation for n = 3 and no such inter-
pretation is known for n > 4 so far. We hope to keep on studying this issue in the

future.
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Chapter 7

Three-tangle for rank-three
mixed states: Mixture of

Greenberger-Horne-Zeilinger,
W, and flipped-W states

Entanglement is a genuine physical resource for the quantum information theories[15].
It is at the heart of the recent much activities on the research of quantum computer.
Although many new results have been derived recently for the entanglement of pure
states[43, 64, 66, 67, 69], entanglement for mixed states is not much understood so
far compared to the pure states. Since, however, the effect of environment generally
changes the pure state into the mixed state, it is highly important to investigate the
entanglement of the mixed states.

Entanglement for the bipartite mixed states, called concurrence, was studied by
Hill and Wootters in Ref.[38] when the density matrix of the state has two or more
zero-eigenvalue. Subsequently, Wootters extended the result of Ref.[38] to the arbi-
trary bipartite mixed states[39] by making use of the time reversal operator of the
spin-1/2 particle appropriately. In addition, the concurrence was used to derive the
purely tripartite entanglement called residual entanglement or three-tangle[71]. For
three-qubit pure state |¢) = Z;j,k:o a;jk|ijk), the three-tangle 75 becomes[71]

T3 = 4|d1 — 2d2 + 4d3|, (71)
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where

_ 2 2 2 2 2 2 2 2
d1 = agppai11 + A5o10110 + 5100101 + AT00%011 (7.2)
do = apoo@111a011a100 + @00001114101G010 + A000A11101100001
+0a011@100@1010010 + @0112100¢110Q001 + @101201041104001

d3 = a00001104101@011 + @111Q00140103100-

The three-tangle is polynomial invariant under the local SL(2, C) transformation|[74,
75] and exactly coincides with the modulus of a Cayley’s hyperdeterminant[72, 73].
For the mixed three-qubit state p the three-tangle is defined by making use of the

convex roof construction[36, 137] as
73(p) = min > p;7s(ps), (7.3)

where minimum is taken over all possible ensembles of pure states. The ensemble
corresponding to the minimum of 73 is called optimal decomposition.

Although the definition of three-tangle for the mixed states is simple as shown
in Eq.(7.3), it is highly difficult to compute it. This is mainly due to the fact that
the construction of the optimal decomposition for the arbitrary state is a formidable
task. Even for the most simple case of rank-two state still we do not know how to
construct the optimal decomposition except very rare cases.

Recently, Ref.[76] has shown how to construct the optimal decomposition for the
rank-2 mixture of Greenberger-Horne-Zeilinger(GHZ) and W states:

p(p) = plGHZ)(GHZ| + (1 - p)|[W){W], (7.4)

where

1 _ 1
V2 V3
The optimal decomposition for p(p) was constructed with use of the fact that m3(|GHZ)) =

1, 73(|W)) = 0 and (GH Z|W) = 0. Once the optimal decompositions are constructed,
it is easy to compute the three-tangle. For p(p) the three-tangle has three-different

IGHZ) = — (|000) + |111)) W) (J001) + 010) + [100)).  (7.5)

expressions depending on the range of p as following:

0 for 0 < p < po
m3(p(p)) = 91(p) for po <p<m (7.6)
gr1(p) forpy <p<1
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where

a1(p) p2——\/ 1 g1(p) =1—(1—p) <g+%m)

42 13
= —+ ~0.6269 = -+ —v465 ~ 0.7087. 7.7
S R =373 (1)
More recently, this result was extended to the rank-2 mixture of generalized GHZ
and generalized W states in Ref.[78].
The purpose of this chapter is to extend Ref.[76] to the case of rank-3 mixed
states. In this chapter we would like to analyze the optimal decompositions for the

mixture of GHZ, W and flipped W states as

p(p.q) = p|GHZYGHZ| + qW)(W| + (1 — p — q)|W)(W]|, (7.8)
where )
W) = = (J110) + |101) + |011)) . (7.9)

For simplicity, we will define g as

q= : (7.10)

where n is positive integer. Before we go further, it is worthwhile noting that p(p, ¢) =
p(p) when n = 1 and therefore, Eq.(7.6) is the three-tangle in this case. When n = oo,
p(p, q) can be constructed from p(p) by local-unitary (LU) transformation o, ®0,®c;.
Since the three-tangle is LU-invariant quantity, the three-tangle of p(p, ¢) with n = oo
is again Eq.(7.6).

Now we start with three-qubit pure state

|Z(p,q, 01, 92)) = VDIGHZ) — ' /g W) — %2 \/T —p — q|W) (7.11)

whose three-tangle is

P’ = 4p\/q(1 = p — q)e' #1792 — 3q(1 — p — q)e*(F1¢2)
— 50 /pgdetior — B0 /p(T —p —g)3ediee
(7.12)

The state |Z(p, q, 1, 2)) has several interesting properties. Firstly, the mixed state

73(p, ¢, 1, p2) =

p(p,q) in Eq.(7.8) can be expressed in terms of |Z(p, ¢, p1, v2)) as following:

1Z(p,q,0,0)){Z(p,q,0,0)| + |Z (p,q, 2, 2E))(Z (p.q¢. &, &F

p(p q) T iy T s
+1Z (pq, 2, Z))(Z (p,q, 2, &) |

% )| ] (7.13)
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Secondly, | Z(p, ¢,0,0)), |Z (p, q, %”, 47”)> and |Z (p, q, %’T, 27")) have same three-tangle
as shown from Eq.(7.12) directly. Thirdly, the numerical calculation shows that the
p-dependence of 73(p, (1 — p)/n, 1, ¢2) has many zeros depending on @1 and s,
but the largest zero p = po arises when @1 = @2 = 0 regardless of n. It can be
proven rigorously with use of the implicit function theorem. The n-dependence of pg
is given in Table I. Table I indicates that when n increases from n = 2, py approaches
to 4/2/(3 + 4+/2) ~ 0.6269 from 3/4 = 0.75. This is because of the fact that the
three-tangle for p(p, q) should be Eq.(7.6) in the n — oo limit.

When p < pg, one can construct the optimal decomposition by making use of
Eq.(7.13) as following:

1-— 1-— 1-—
P (pa p) = P |Z (p07 p07070)><z (p07 poaouo) | (714)
n 3po n n
1—po 27 4m 1—po 27 4m
Z — W, — ){Z —_— Y, =
+| (pOa "33 >>< Po;, n ' 3°3 |

373 373

1-— 4 21 1-— 4 21
412 (0 220 T2 (0 0 ) |]

+p0 _p|W><W| + (n — 1)(]90 _p) |W><W|

npo npo
Thus, we have vanishing three-tangle in this region:
1—
T3 {p (p, —pﬂ =0 for p < po. (7.15)
n

Now, we consider py < p < 1region. When p = pg, Eq.(7.14) implies that the opti-
l1-po 27 47'r)>

mal decomposition consists of three pure states | Z (po, %, 0, O)>7 |Z (po, N

and |Z (po, 1;”0 , %”, 2%)) with same probability. This fact together with Eq.(7.13)

strongly suggests that the optimal decomposition at pg < p is described by Eq.(7.13).

As will be shown below, however, this is not true in the full range of pg < p < 1.
The optimal decomposition (7.13) gives the three-tangle to p(p, ¢) in a form

s Avn—1 4(n —1) _8V6n 1+ (n —1)%7]

= —_—— 1— —
ar(p) =p O on?

(1-p)* p(1—p)?.

(7.16)
Since the three-tangle for mixed state is defined as a convex roof, a;(p) should be
convex function if it is a correct three-tangle in the range of py < p < 1. In order to

check this we compute d?a;/dp?, which is

dz%ﬁp) _ % {9n® +36nvn —1-12(n - 1)} — \/@{1 Y (n— 1)3/2} %
(7.17)
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n 1 2 3 10 100 1000
po | 0.6269  0.75  0.7452 0.712 0.6604 0.6382
p1 | 0.7087 0.9330 0.9250 0.8667 0.7710 0.7298
p« | 0.8257 0.9618 0.9572 0.9230 0.8650 0.8391

Table 7.1: The n-dependence of pg, p1 and p..

Using Eq.(7.17) one can show that d?a;(p)/dp?* < 0 when p. < p < 1. The n-
dependence of p, is given in Table I. Thus, we need to convexify a;(p) in the region
p1 < p <1, where p; < p,. The constant p; will be determined shortly.

For large p region one can construct the optimal decomposition as following:
1—-p n—1)(1-p), ~ =~
owa) = plerzyenz)+ Yy + TP g gy

1 _
= p|GHZ)(GHZ|+ ﬁ [ ~m|GHZ)WGHZ| +p1|GHZ)(GHZ|
— /M1

1—pm
n

#1224 D0

- f_p1|GHZ><GHZ|

— b1
1-— 1-—
|Z (pla p17070)><Z (pla p17070> |
n n

1-p
1-— 27 4w 1-— 27 Aw
+1z (22 e (m 2 )

_|_

3(1—p1)
n 373 373
1—p1 47 27 1—p1 47 27
Z — —, = ){Z _— =
+| (pla n ) 37 3>>< (pla n ) 37 3>|]
which gives the three-tangle in a form

— 1—
arr(p) = 11)—21 + I _;Oél(pl)- (7.19)

Note that d?arr(p)/dp? = 0. Thus, arr(p) does not violate the convex constraint of
the three-tangle in the large p region. The parameter p; is determined by minimizing
arr(p), i.e. darr/dp; = 0, which gives

4V6n [1+ (n—1)%2]  2p, —1 _1+4\/m_4(n—1)

On? p1(1—p1) n 3n2

(7.20)

The n-dependence of p; is given in Table I. As expected p; is between py and
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3—tangle

3-tangle

3-tangle

Figure 7.1: The plot of p-dependence of the Eq.(7.12) for various ¢ and po. We
have chosen ¢; and @2 from 0 to 27 as an interval 0.3. The three figures correspond
ton = 2 (Fig. 7.1a), n = 3 (Fig. 7.1b) and n = 10 (Fig. 7.1c) respectively. The
minimum curve is plotted as a thick solid line in each figure. These figures indicate
that the three-tangle in Eq.(7.21) (plotted as dashed line in each figure) is a convex
hull of the thick solid line.
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p«. When n increases from n = 2, p; decreases from (2 + 1/3)/4 ~ 0.933 to 1/2 +
3v/465/310 ~ 0.709.

1.00

entanglement
o
~
[&)]

0.50

0.25

0.00
0.0

Figure 7.2: The p-dependence of one-tangle (upper solidlines), sum of squared con-
currences (left solid lines) and three-tangle (right solid lines) for n = 1, 2 and 10.
This figure clearly indicates that not only CKW inequality (7.25) but also (7.28) hold
for all integer n.

In summary, the three-tangle for p(p, q) is

0 for 0 < p < po
m3(p(p,q)) = ar(p) for po <p <m (7.21)
arr(p) forp; <p<1

and the corresponding optimal decompositions are (7.14), (7.13), and (7.18) re-
spectively. In order to show that Eq.(7.21) is genuine optimal, we plotted the p-
dependence of the three-tangles (7.12) for various ¢; and 2 when n = 2 (Fig. 7.1a),
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n = 3 (Fig. 7.1b) and n = 10 (Fig. 7.1c). These curves have been referred as the
characteristic curves[79]. As Ref.[79] indicated, the three-tangle is a convex hull of
the minimum of the characteristic curves (thick solid lines in the figure). Fig. 7.1
indicates that the three-tangles (7.21) plotted as dashed lines are the convex charac-
teristic curves, which implies that Eq.(7.21) is really optimal.

The above analysis can be applied to provide an analytical technique which de-
cides whether or not an arbitrary rank-3 state has vanishing three-tangle. First we

correspond our states to the qutrit states with

1 0 0
IGHZ)=| 0 wy=1 1 Wy=1o0 |. (7.22)
0 0 1

It is well-known[138] that the density matrix of the arbitrary qutrit state can be
represented by p = (1/3)(I + /37 - X), where 7 is 8-dimensional unit vector and
A (i=1,---,8) are Gell-Mann matrices. Thus the points on the S® correspond to
pure qutrit states while the interior points denote the mixed states'. Then, one can
show straightforwardly that the pure states with vanishing three-tangle correspond

to

V3 1) (7.23)

W 0,0,———,0,0,0,0, =
|>_><77 2777772

- (0,0,0,0,0,0,0,-1)
1 _
Do, np07070>> — (—\/5517077717_\/552707 \/35370’772)

)
(

IZ( 1—p02_7T47T>>_)<\/§ 3, V3 V3, 3 )
(

7517_55177]177527 527 2 537 537772

Do, 1 —Po 4—7T 2_7T>> - (?517 gglunh @52,_§§27 \/gg 3537772) )

2 2 2

where & = \/po(1 — po)/n, & = Vn— 1&1, & = v/ — 1(1—po)/n, m = (vV/3/2)(1 —
(n+ 1)1 —po)/n) and n2 = (1/2)(1 — 3(n — 1)(1 — po)/n). Thus these five points
form a hyper-polyhedron in 8-dimensional space. Then all rank-3 quantum states
corresponding to the points in this hyper-polyhedron have vanishing three-tangle.
Now we would like to consider the Coffman-Kundu-Wootters(CKW) relation[71],
which is
ddetpa = Cop + Cic + 13(¢) (7.24)

1Unlike qubit system not all points in S8 do correspond to the qutrit states due to the condition
of star product[138]
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for three-qubit pure state |1). In Eq.(7.24) Cap and Cac are the concurrences for the
corresponding reduced states. Eq.(7.24) indicates that the entanglement of qubit A is
originated from both bipartite and tripartite contributions. For mixed state Ref.[71]
has shown

4min [det(pa)] > Cip + Cic, (7.25)

where minimum of one-tangle is taken over all possible decompositions of p. In
Ref.[76] the CKW inequality (7.25) has been examined for the mixture of GHZ and
W states. For this case it was shown that the one-tangle is always larger than the
sum of squared concurrences and three-tangle.

Now, we would like to check the CKW inequality for p(p,q) in Eq.(7.8) with
g = (1 —p)/n. In this case one can compute the minimum one-tangle directly, whose

expression is

4min [detps] = [(8 —4p — 12q + 5p? + 12¢* + 12pq) (7.26)

+4+/pg(1 —p —q) (2\/@+2\/6(1—p—Q)—3\/ﬁ)]-

Also it is straightforward to compute the sum of squared concurrences, which is

Nl

Cip +C%c =2 (max [0, §(1 —p) — %\/(3;) +2¢)(2+p— 2q)D . (7.27)

The one-tangle(upper solid lines), C4 5 + C4 - (left solid lines), and three-tangle(right
solid lines) are plotted in Fig. 7.1 for n = 1, n = 2 and n = 10. This figure indicates
that all quantities approach to their corresponding n = 1 quantity when n increases
from n = 2. This is consistent with the fact that p(p, ¢) with n =1 is LU-equivalent
to p(p, q) with n = co. The inequality

4min [det(pa)] > Cip + Cic + 73 (7.28)

holds for all n. In the region pc < p < pg, where

~ (Tn? —4n+4) — 3nVbn? —4n + 4
pc = (n2)2 :

(7.29)

both C% 5 +C% and 73 vanish while there is quite substantial one-tangle. Its interpre-
tation is given in Ref.[76] from the mathematical point of view. However, its physical
meaning is still unclear at least for us. In the region p > pc and p < pg the entan-
glement of the qubit A mainly stems from the bipartite and tripartite correlations,

respectively.
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One may wonder why we do not take ¢ = a(1 — p) with real number 0 < a < 1.
For this case, however, it is unclear whether or not the p-dependence of 73(p, ¢, ¥1, 2)
in Eq.(7.12) has maximum zero at p; = @2 = 0 regardless of a. If this is correct, our
result can be easily extended to the case of ¢ = a(1 — p) by changing n — 1/a.

There are many rank-3 mixed states whose three-tangles may exhibit interesting
behavior. For example, let us consider the state

m(p,n) = plGHZ, +)(GHZ, +| + 1%p|vv><w| + W

|GHZ,-Y(GHZ,—|,

(7.30)
where |GHZ,4+) = (1/v/2)(]000) + |111)). Unlike p(p,n) discussed in the present
chapter m(p, 1) is not LU-equivalent with 7(p, 00). When n = 1, m(p, 1) is identical
with p(p, q) with n = 1. When n = oo, the three-tangle of 7(p, c0) can be calculated
by similar method and the result is (2p — 1)2. If n increases from n = 2, the three-
tangle should move to (2p—1)? from Eq.(7.6) smoothly. The particular point p = 1/2
may play a role as a fixed point. It is interesting to examine this behavior by deriving
the optimal decomposition of 7(p,n) in the full range of p and n.

Of course, it is extremely important if we develop a calculational technique, which
enables us to compute the three-tangle for the arbitrary mixed states. In order to
explore this issue we should develop a technique first, which enables us to compute
the three-tangle for the arbitrary rank-two mixed states as Hill and Wootters did
in the concurrence calculation in Ref.[38]. For the case of concurrence, however,
Hill and Wootters exploited fully the magic properties of the magic basis {|e;),i =
1,---,4}. In this basis the concurrence for the two-qubit state |1)) can be expressed
as | Y. o?|, where [¢)) = Y, a;le;). Then this property and usual convexification
technique make it possible to compute the concurrence for the arbitrary rank-two
bipartite mixed states. Such a basis, however, is not found in the three-qubit system
so far. Furthermore, we do not know whether or not such a basis exists in the higher-
qubit system. Thus it is very difficult problem to go further this issue.

From the aspect of physics it is also of interest to investigate the physical role
of the three-tangle. As shown in Ref.[57] the two-qubit mixed-state entanglement
provides an information on the fidelity in the bipartite teleportation through noisy
channels. Since the three-tangle is purely tripartite entanglement, it may give cer-
tain information in the scheme of quantum copy machine or three-party quantum
teleportation[139]. It seems to be interesting to explore the physical role of the three-

tangle in the particular real tasks.
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Chapter 8

Three-tangle does not
properly quantify tripartite
entanglement for
Greenberger-Horne-

Zeilinger-type states

Nowadays, it is well-known that entanglement is the most valuable physical re-
source for the quantum information processing such as quantum teleportation[19],
superdense coding[20], quantum cloning[140], quantum algorithms[22, 24|, quantum
cryptography[125], and quantum computer technology[32, 15]. Thus, it is highly im-
portant to understand the various properties of the mutipartite entanglement of the

quantum states.

The main obstacle for characterizing the entanglement of the multipartite state
is its calculational difficulties even if original definition of the entanglement measure
itself is comparatively simple. In addition, computation of the entanglement for the
multipartite mixed states is much more difficult than that for the pure states, mainly
due to the fact that the entanglement for the mixed states, in general, is defined by
a convex-roof extension[36, 137]. In order to compute the entanglement explicitly for

the mixed states, therefore, we should find an optimal decomposition of the given
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mixed state, which provides a minimum value of the entanglement over all possible
ensembles of pure states. However, there is no general way for finding the optimal
decomposition for the arbitrary mixed states except bipartite cases[38, 39]. Thus, it
becomes a central issue for the computation of the mixed state entanglement.

Few years ago, fortunately, Wootters[38, 39] has shown how to construct the
optimal decompositions for the most simple bipartite cases. This enables us to be able
to compute the concurrence, one of the entanglement measure, analytically for the
arbitrary 2-qubit mixed states. It also makes it possible to understand more deeply
the role of the entanglement in the real quantum information processing[57]. Most
importantly, it becomes a basis for the quantification of three-party entanglement
called residual entanglement or three-tangle[71]. Thus, it is extremely important to
find a calculation tool for the three-tangle if one wants to take a step toward a
fundamental issue, i.e. characterization of the mutipartite mixed state entanglement.

It is well-known[65] that the three-qubit pure states can be classified by prod-
uct states (A — B — C), biseparable states (A — BC,B — AC,C — AB) and true
tripartite states (ABC) through stochastic local operation and classical communica-
tion(SLOCC). The true tripartite states consist of two different classes, GHZ-class

and W-class, where

|GHZ) = % (J000) + |111))

(W) = 5 (|001) +[010) +[100)). (8:1)

Since the three-tangle 73 for the pure state |¢) = Z;Lk:o a;jklijk) is defined as[71]
T3 = 4|d1 - 2d2 + 4d3| (82)

with
di = ajogaiyy + adoradio + agioaior + alooadis
d2 = apo0@111@011@100 + @€000011101014010
+a0000111@110Q001 + 401141002101 2010 (8.3)
+a011@100@110Q001 + G101¢0100110Q001
d3 = ap00a11001010011 + @111@00120104100,
it is easy to show that the product and biseparable states have zero three-tangle.
This fact implies that the three-tangle is a genuine measure for the three-party en-
tanglement.
However, there is a crucial defect in the three-tangle as a three-party entanglement
measure. While the three-tangle for the GHZ state is maximal, i.e. 3(GHZ) = 1, it
vanishes for the W-state. This means that the three-tangle does not properly quantify
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the three-party entanglement for the W-type states. The purpose of this chapter is to
show that besides W-type states the three-tangle 73 does not properly quantify the
three-party entanglement for a rank-3 mixtures composed of only three GHZ-type
states.

Recently, the three-tangle for rank-2 mixture of GHZ and W states is analytically
computed[76, 78]. In Ref.[80], furthermore, the three-tangle for the rank-3 mixture
of GHZ, W, and inverted W states is also analytically computed. In this chapter we

start with showing that a mixed state

\GHZ,24+)(GHZ,2+| + |GHZ,3+)(GH Z, 3+|

1
= (8.4)
3| +|GHZ,4+)(GHZ, 4+

lgpz =

has vanishing three-tangle, where we define for later use as following:

-1
|GHZ,14) = 7
(GHZ,2+) = -
|GHZ,34+) = L

> =

x
\GH Z, 4+

000) £ [111)
001) =+ [110)
010) = [101)
011) = [100)

V)

V)

1

)
—~ o~~~
—_ — — —

~

o9}

Ut

~

V)

Let us consider a pure state

| J(61,02)) = J5|GHZ, 2+4) — \/igew%GHZ, 3+)

—%ewﬂGHZ, 4+).
Then, it is easy to show that the three-tangle of |J(61,62)) is
fl (61 i62\2 ([ _ (.01 622
73(01,02) = 9|1 (e ) L= (e +e2)7 |, (8.7)
which vanishes when
w/3,2mw/3
27/3, w/3

w/3,57/3
27/3,4m/3

,(bm/3,4m/3
,(47/3,5m/3
(57/3, ©/3
,(4m/3,2m/3

)

(

_ )«
(91;02) - (
(

O —
= D
—~
oo
oo
N

Moreover, one can show straightforwardly that IIggz can be decomposed into

|J (7/3,2m/3))(J (7/3,27/3)| + |J (57 /3,4m/3))(J (57 /3,4m/3)]|
+ |J (7w/3,57/3))(J (7/3,57/3)| + |J (27 /3,47 /3))(J (27 /3,47 /3)]
+ terms with exchanged arguments

lgpz = 3
(8°9)
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Combining Eq.(8.8) and (8.9), one can show that Eq.(8.9) is the optimal decompo-
sition of I[Igyz and its three-tangle is zero:

73 (llguz) = 0. (8.10)

The reason why Il¢ 7 has vanishing three-tangle is that the optimal ensembles given
in Eq. (8.9) are all W-states. Therefore, Il gz can also be expressed in terms of only
W-states. As a result, we encounter a very strange situation that Ilg gz has vanishing

three- and two-tangles', but non-vanishing one-tangle

5
4 min [det (TI‘BCnGHz)] = § (8.11)

For comparison one can compute 7-tangle[141], another three-party entanglement
measure defined in terms of the global negativities[142]. It is easy to show that the
m-tangle of gz is not vanishing but 1/9. This fact seems to indicate that the
three-tangle does not properly reflect the three-party entanglement for GHZ-type
states as well as W-type states.

We can use Eq.(8.10) for computing the three-tangles of the higher-rank mixed
states. For example, let us consider the following rank-4 state

o=2|GHZA+YGHZ, 1+ |+ (1 —2)lguz (8.12)

with 0 < x < 1. In order to compute the three-tangles for o we first consider a pure
state

|X (2,01, 92, 93)) = Ve|GHZ,14)—

1—z [ e¥|GHZ,2+) + 2 |GHZ,3+)
3 +e3|GH Z, 4+) '

(8.13)
Then it is easy to show that the three-tangle of | X (z, v1, 2, @3)) becomes

22+ (1791)2 (641-@1 + elivz +e4w3)
_%x(l _ .’L‘) (621'4/71 + 2wz | 621"/’3)

e2i(p1tw2) 4 o2i(p1+w3) . (8.14)
_|_e2i(</72+803)

73 (| X (2, 01,92, ¢3))) =

(™)

31—

_Sgﬁ /Ji(l _ :C)Sei(901+</72+803)

The vectors | X (x, p1, 2, p3)) has following properties. The three-tangle of it has
the largest zero at * = xg = 3/4 and 1 = @3 = w3 = 0. The vectors | X (z,0,0,0)),

11t is easy to show that C[qu and 61240 are zero, where C is concurrence for corresponding reduced
states.
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| X (2,0, 7, 7)), | X(z,7,0,7)) and | X (z,7,7,0)) have same three-tangles. Finally, o
can be decomposed into

1
T4

| X (2,0,0,0)){X(x,0,0,0)| + | X (z,0, 7, 7)){X (2,0, 7, 7)|
+ X (x, 7,0, ") (X (z,7,0,7)| + | X (z, 7, 7,0)){X (x, 7, 7,0)|

] . (8.15)

When z < zq, one can construct the optimal decomposition in the following form:

x | X (20,0,0,0))(X (20,0,0,0)| + | X (x0,0, 7, 7)) (X (20,0, 7, 7)]
c = —
drg | +|X (zo,m, 0, 7)) (X (zo, 7,0, 7)| + | X (x0, 7,7, 0)){X (x0, 7, 7,0)]
+ 2 . (8.16)
o

Since Ilgrz has the vanishing three-tangle, one can show easily
T3(0) =0 when z < z¢ = 3/4. (8.17)

Now, let us consider the three-tangle of o in the region 2y < < 1. Since Eq.(8.15)
is an optimal decomposition at x = xg, one can conjecture that it is also optimal in
the region zg < z. As will be shown shortly, however, this is not true at the large-z
region. If we compute the three-tangle under the condition that Eq.(8.15) is optimal

at xg < x, its expression becomes

og(x):x2—%(1—x)2—233(1—:17)—ST\/gx/a:(l—xﬁ. (8.18)

However, one can show straightforwardly that a;(x) is not a convex function in the

region x > x,, where

1
re= (1 yol/3 41/3) ~ 0.961831. (8.19)

Therefore, we need to convexify a;(z) in the region z1 < z < 1 to make the three-
tangle to be convex function, where x; is some number between zy and x.. The
number x; will be determined shortly.

In the large z-region one can derive the optimal decomposition in a form:

-z | X (21,0,0,0))(X (21,0,0,0)| + | X (21,0, 7, m))(X (21,0, 7, 7)]|
c = —
A1 —21) | +X (21, 7,0,m)(X (21, 7,0,7)] + | X (21,7, 7,0))(X (21, 7,7,0)|
+”13 "N GHZA+YGHZ,1 + | (8.20)
— 41

which gives a three-tangle as

1—=z Tr—x
ar(xy) + !

arr(z,z) = (8.21)

1—$1 1—1:1.
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Since d2a11/d:102 = 0, there is no convex problem if oy (z, z1) is a three-tangle in the
large-x region. The constant z; can be fixed from the condition of minimum ajy, i.e.
Oayr(x,x1)/0x1 = 0, which gives

1
v =42+ V/3) & 0.933013. (8.22)
As expected, 7 is between zg and z,. Thus, finally the three-tangle for ¢ becomes
0 x < xg
T3(0) = ar(z) o<z <1 (8.23)
arr(z, o) 1 <x<1

and the corresponding optimal decompositions are Eq.(8.16), Eq.(8.15) and Eq.(8.20)
respectively. In order to show Eq.(8.23) is genuine optimal, first we plot z-dependence
of Eq.(8.14) for various ¢; (i = 1,2,3). These curves have been referred as the
characteristic curves[79]. Then, one can show, at least numerically, that Eq.(8.23)
is a convex hull of the minimum of the characteristic curves, which implies that
Eq.(8.23) is genuine three-tangle for o.

It is straightforward to show that the mixture o has vanishing two-tangles, i.e.

Cap = Cac = 0, but non-vanishing one-tangle

Ca oy (@) = % (5 ~ Az + 82 — 8/3z(1 — I)B) . (8.24)

Thus, the monogamy inequality T3+C3 5 +C%o < Cf‘( By holds for the rank-4 mixture
.
Eq.(8.10) can be used to compute the upper bound of the three-tangle for the

higher-rank states. For example, let us consider the following rank-8 state
p=E+(1-¢0d (8.25)
where o is given in Eq.(8.12) and & is

c=y|GHZ 1-Y({GHZ,1 —|
e |GHZ,2—Y(GHZ,2 — |+ |GHZ,3—Y{(GHZ,3 — | ' (8.26)
3 +|GHZ,4-)(GHZ,4 — |
If x =y, o and & are local-unitary(LU) equivalent with each other. Since the three-
tangle is LU-invariant quantity, 73(&) should be identical to 73(c) when z =y
Since p is rank-8 mixed state, it seems to be extremely difficult to compute its

three-tangle analytically. If, however, 0 < y < 3/4, 73(5) becomes zero and the above

analysis yields a non-trivial upper bound of 73(p) as following:
3(p) < E73(0). (8.27)
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In this chapter we have shown that the three-tangle does not properly quantify
the three-party entanglement for some mixture composed of only GHZ states. This
fact has been used to compute the (upper bound of) three-tangles for the higher-rank
mixed states.

The fact 73(c) = 0 for & < 3/4 can be used to find other rank-4 mixtures which
have vanishing three-tangle by considering the Bloch hypersphere of d = 4 qudit
system. First, we correspond the GHZ-states in ¢ to the basis of the qudit system as
follows:

|GHZ,14) = (1,0,0,0)" , |GHZ,2+) = (0,1,0,0)"

> p—
8.28
|GHZ,3+) = (0,0,1,0)" , |GHZ,44) = (0,0,0,1)" (8.28)

where T stands for transposition. It is well-known[143] that the density matrix of the
arbitrary d = 4 qudit state can be represented by p = (1/4)(I + /67 - X), where 7 is

15-dimensional unit vector and
X= (A2 JABALZ AR AT A% AR (8.29)

The generalized Gell-Mann matrices A%, A% and A7 are explicitly given in Ref.[143].
Then, the 15-dimensional Bloch vectors for |X (3/4,0,0,0)), | X (3/4,0,,m)),
|X (3/4,7,0,7)), and | X (3/4, 7, 7,0)) can be easily derived. Thus, these four points
form a hyper-polyhedron in 16-dimensional space. Then all rank-4 quantum states
corresponding to the points in this hyper-polyhedron have vanishing three-tangle.

As we have shown in this chapter, Ilggz has vanishing two and three-tangle, but
non-vanishing one-tangle. It makes the left-hand side of the monogamy inequality
73+ Cip 4+ C4c < Cf‘(BC) reduce zero. Thus, natural question arises: what physical
resources make the one-tangle to be non-vanishing? Authors in Ref.[144] conjectured
that the origin of the non-vanishing one-tangle comes from the higher tangles of the
purified state. To support their argument they considered a multipartite entangle-
ment measure defined

. Zk Th(Ry,) — 2 Ei<j ij

Ers(Uy) = ~ (8.30)

where 7y, ) = 2(1 — Trp?) and |V y) is a N-qubit purified state of the given mixed
state. Since the numerator of F,,; is difference between the total one-tangle and total
two-tangle, it measures a contribution of the higher-tangles to the one-tangle. If we

choose the purified state as

W) = \LF(|GHZ, 24)|00) + |GH Z,3+)|01) + |GH Z, 4+)[10) ), (8.31)

w

105



CHAPTER 8. THREE-TANGLE DOES NOT PROPERLY QUANTIFY TRIPARTITE
ENTANGLEMENT FOR GREENBERGER-HORNE- ZEILINGER-TYPE STATES

E,.s(U5) reduces to 43/45, which is larger than the one-tangle 5/9. Thus, it is possible
that part of E,,s(¥s5) converts into the non-vanishing one-tangle. However, still we
do not know how to compute the one-tangle explicitly from FE,,s(Us).

The three-tangle itself is a good three-party entanglement measure. It exactly
coincides with the modulus of a Cayley’s hyperdeterminant[72, 73] and is polyno-
mial invariant under the local SL(2,C) transformation[74, 75]. As shown, however,
it cannot properly quantify the three-party entanglement of W-state and Ilgpyz:
T3(W) = m3(Ilggz) = 0. On the other hand, the 7-tangle gives the non-zero val-
ues: m3(W) = 4(v/5 —1)/9 and m3(Tlgrz) = 1/9. Does this fact simply imply the
crucial defects of the three-tangle as a three-party entanglement measure? Here, we
would like to comment on the physical implication of 75(Ilgrz) = 0. Few years ago
the three-qubit mixed states were classified in Ref.[81]. Following Ref.[81] the whole
mixed states are classified as separable (S), biseparable (B), W and GHZ classes.
These classes satisfy S C B C W C GHZ. One remarkable fact, which was proved in
this reference, is that the W'\ B class is not of measure zero among all mixed-states.
This is contrary to the case of the pure states, where the set of W-state forms mea-
sure zero[65]. This fact implies that the portion of W\ B class in the whole mixed
states becomes larger compared to that of W class in the whole pure states. How
could this happen? The fact 73(Ilggz) = 0 sheds light on this issue. Since Ilgyz has
zero three-tangle but non-zero m-tangle, it is manifestly an element of W \ B class.
As shown in Eq.(8.4), however, it consists of three GHZ states without pure W-type
state. We think there are many W\ B states, which are mixture of only GHZ states.
It increases the portion of W\ B class and eventually makes the W \ B class to be
of non-zero measure in the whole mixed states.
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Chapter 9

Conclusion

In this thesis we present the recent results on the computation of the pure- and mixed-
states entanglement measures. As well-known, entanglement is a genuine physical re-
source for the quantum information processing. In fact, entanglement plays a central
role in teleportation process[19, 57, 139, 145, 115], superdense coding[20, 145, 115],
quantum copy machine[146, 147, 148, 149], quantum cryptography[18, 21, 150, 151]
etc. In this reason it is highly important to understand and characterize the entan-
glement of the quantum states.

In chapter IT we have presented the three theorems which is important for the com-
putation of the geometric and Groverian entanglement measure. Theorem 1 enables
us to compute the entanglement measures if we know only the one of the 1-particle
reduced states obtained by taking partial trace. This theorem is more useful for the
computation of the entanglement of the 3-qubit states because it makes it possible
to compute the measures with the two qubit reduced state. Theorem 2 says that if
the 1-particle reduced states of the two pure-states are LU-equivalent, these states
have same geometric and Groverian entanglement measures. Therefore, this theorem
can be used to characterize the set of the pure states. Theorem 3 states the upper
bound of the entanglement measure. This theorem can be used to characterize the
maximally entangled states in the higher-qubit system.

Using a Theorem 1 given in chapter 2 we have computed the geometric measure
defined A(v)) = 1 — Ppaz(¥) or Groverian entanglement measure defined G(¢) =

/1 = Praz (1)) for the generalized W-state

[W) = a]100) + b/010) + ¢|001), (9.1)

where P4, is a maximal overlap probability with a set of the separable states. It
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CHAPTER 9. CONCLUSION

turns out that P,,,, for W-state has two different expressions depending on the
parameter space. To summarize the result of this chapter we define {«, 3,7} as
{a,b,c} with decreasing order. If, then, a? > 3% + 42, P4 = max(a?,b?,c?) = o?
and if a? < %2 + 42, Ppas = 4R?, where

abc

R:\/(a-l—b—i-c)(a-i-b—c)(a—b+c)(—a+b+c) 6-2)

is a circumradius of the triangle (a, b, c). This is a first report on the fact that the
entanglement measure can be expressed in terms of the geometrical quantities of the
polygons.

To be sure that the expression of the entanglement measure in terms of the
geometrical quantities is a general property we have considered the more general
3-qubit state

1) = a|100) 4 b[010) + ¢[001) + d|111) (9.3)

in chapter 3. It turns out that for this state P,,q, has generally three different ex-
pressions. However, one of them, expression in terms of the circumradius of the
crossed quadrangle does not have applicable domain in the parameter space. As
a result, Pna. for |¢) has two different expression depending on the parameter
space. To summarize it we define {«, 3,7v,d} as {a,b,c,d} with decreasing order.
If a2 > 32 +~2 + 62 + 26376 /a, then P4, = max(a?,b? c2,d?) = o? and o? <
B2+ 4%+ 6242875/, Prax = 4R%, where

1 \/ (ab + cd)(ac + bd) (ad + be) 0.4)

4V p—a)p-b)p—c)(p—d

is a circumradius of a convex quadrangle (a,b,c,d), where p = (a + b+ ¢ + d)/2.
Therefore, the expression of the entanglement in terms of some geometrical quantities
seems to be general property of the entanglement.

Since the entanglement measures should be entanglement monotone and LU-
invariant, it is of great interest to express the derived results in terms of the LU-
invariants. Few years ago Acin et al[68] classified the whole set of 3-qubit pure states
as a five types via the generalized Schmidt decomposition. Using these classifica-
tions we have computed the entanglement measure for type I, type II and type III
and re-expressed them in terms of the LU-invariants .J; (¢ = 1,---,5) in chapter
V. Although we have failed to derive the analytic expressions of the entanglement
measure for type IV and type V, we have shown that the phase factor of the quantum
state does not have any effect to the entanglement measure for type IV. This fact
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with geometric interpretation on the entanglement enables us to derive the analytical
expression for the general arbitrary three-qubit states in the future.

The successful geometrical interpretation for the geometric or Groverian entan-
glement measure for the three-qubit states as presented in chapter III and chapter IV
gives rise to a following question naturally: does the entanglement of the higher-qubit
system also have some geometrical meaning? This question is explored in chapter VI
by considering the one-parametric n-qubit W-state and two-parametric 4-qubit W-
state. Although we have derived the analytic expressions of the entangled measures
for these quantum states, we have failed to find a geometrical interpretation be-
cause we do not have complete expression for the generalized W-states. Still, it is
open problem to find a connection between geometry of polygons and multipartite
entanglement. We hope we understand more profoundly the meaning and physical
implication of this connection.

In chapter VII and VIII we have considered the entanglement for the mixed
states. Since the entanglement for the mixed state is generally defined by a convex-
roof extension, it is much more difficult to compute the entanglement measure for the
mixed state because it is highly non-trivial to find a optimal decomposition for the
given mixed state. In chapter VI we have computed the three-tangle for the mixture

composed of GHZ, W and flipped W states, whose density matrix is
p(p,q) = plGHZ)(GHZ| + qW)(W| + (1 — p — q)|W)(W]| (9.5)

where |GHZ) = (1/v/2)(|000) + [111)), |W) = (1/4/3)(]100) 4 |010) + |001)) and
W) = (1/+/3)(J011) + [101) + |110)). It turns out that depending on p and ¢ the
three-tangle of p(p, q) has three different expressions. We also provide an analytical
technique, which determines whether or not an arbitrary rank-3 mixed state has
vanishing three-tangle by making use of the Bloch sphere S® of the qutrit system.
We also briefly discussed in this chapter the physical implication of the monogamy
inequality, generalization of CKW-inequality derived in Ref.[71].

It is well-known that W-state has vanishing three-tangle even though W-state has
a pure tripartite entanglement. This means that the three-tangle does not properly
quantify the tripartite entanglement of W-state. In chapter VIII in addition to W-
state we have shown that the three-tangle does not properly quantify the tripartite
entanglement of some mixed states composed of only GHZ states. To verify this

statement explicitly we have constructed a mixture defined

Hgrz = % \GHZ,2+)(GHZ,2+|+|GHZ,3+){(GH Z,3+|+|GH Z,4+)(GH Z, 4+
(9.6)
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CHAPTER 9. CONCLUSION

where

X 1
7 (001 & 110))  |GHZ,3+) =

\GHZ,44) =

|GHZ,24) = (|010) + |101))

S

2

L (o11) + |100)), (9.7)

V2
and have shown that Ilgyz has a vanishing three-tangle. This surprising fact in-
dicates that there should exist an pure state ensemble of Ilggz, whose pure-states
are all W-states even though it is composed of only GHZ states. Such an ensemble
is explicitly constructed in this chapter. This fact may shed light on the physical
reason why the set of the mixed W-states is not of measure zero in the whole set of
the three-qubit mixed states while pure W-states have zero measure.

Quantum information theories have various applicable regions such as quantum
computer, quantum cryptography, quantum copying, quantum repeater, etc. Above
all my major concern is to apply the quantum information techniques to the black
hole physics, especially the information loss via Hawking radiation. In the future I
would like to explore this subject and contribute to the development of quantum
gravity.
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APPENDIX

Appendix A
One can easily show that the elements of O defined in Eq.(5.6) are given by

1
X
011 = 5 (U11U§2 + Uq11U22 + u12u§1 + UI2U21) (Al)
O . 1 * * * *
22 = 5 (W11 +ujyuze — uipuz; — ujpuz1)
2 2
Os3 = |u11]” — |ui2]
{ * * * *
O12 = 5 (wizup; + Uity — ujpuzr — ujyusz)
21 =5 (u12u3q + Ui U2 — UjpU1 — UL1US)
* *
O13 = U117y + Ui U2
* *
O31 = u11u3; + uj U2
. * *
O3 = —i (ur1uy9 + U5 u22)
. * *
032 =1 (u11u21 + u12u22)
where u;; is element of the unitary matrix defined in Eq.(5.6). It is easy to prove
00T = OTO = 1, which indicates that O, is an element of O(3).
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APPENDIX

Appendix B
If the density matrix associated from the pure state |¢) in Eq.(5.12) is represented
by Bloch form like Eq.(5.11), the explicit expressions for ; are

201 cos 213 cos @ + 2204
H1 = 2)\0/\1 sin<p 172 = —2/\1)\3 singa
A3 — A2 =N — A3 -\ A +A 4+ 23— 23— A3
212 cOs @ + 2234
U = —2X Agsing (B.1)

AN+ -+ - )\

and the components of h() are

Ry = 22025 +2)1 A cos g, hY = 22005 — 2\ Mcosp (B.2)
h§>13) = )‘(QJ + /\% - )‘% - /\§ + /\421, hglg) = héll) = —2A\ A\gsinep

WY = —2X9\ + 2\ X3 cos o, R = —2X3A1 + 2A1 As cos @

hélg) = =2\ A3singp, hg12) = =2\ Ao sing

Y = —h$) =200, B = 22— A4 A2 A2 4 N2

WY =) =0, B =2\ cosy

h§21) = —2XA3M\ — 2A\1 A2 cos p, hé? = 2\ singp

h3) = 2X; Ay sin .

The matrix hfﬁ) is obtained from h((fﬁ) by exchanging A2 with A3. The non-vanishing
components of g,g are

g111 = —g122 = —g212 = —¢g221 = 2A0\s (B-3)
g113 = —ga23 = 203, 9131 = —g232 = 2M0A2

9133 = 2A0A1 €os @, 9233 = 2A0A18inp

g312 = g321 = 2A1 Ay sinp, g311 = —2X2A3 — 2A1Aqcos

g313 = 2X2\g — 2A1 A3 cos @, G322 = —2A2A3 + 21 A4 cos @

g323 = 21 A3 8in ¢, 9331 = 2A3A4 — 21 Aa cos

g332 = 2A1 Agsin @, g333 = )\3 — M N )\g — 2

125



PUBLICATION LIST

PUBLICATION LIST

I. Refereed Publications

[1] Eylee Jung, SungHoon Kim and D. K. Park, “Newton Law on the Generalized
Singular Brane with and without 4d Induced Gravity”, Nucl. Phys. B669 (2003)
306-324 (hep-th/0305156).

[2] Eylee Jung, Sung-Hoon Kim and D. K. Park, “ Absorption Cross Section for
S-wave massive scalar”, Phys. Lett. B586 (2004) 390-396 (hep-th/0311036).

[3] Eylee Jung and D. K. Park, “Effect of Scalar Mass in the Absorption and
Emission Spectra of Schwarzschild Black Hole”, Class. Quant. Grav. 21 (2004) 3717
- 3732 (hep-th/0403251).

[4] Eylee Jung, SungHoon Kim and D. K. Park, “Low-energy Absorption Cross
Section for massive scalar and Dirac Fermion by (4 + n)-dimensional Schwarzschild
Black Hole”, JHEP 0409 (2004) 005 (hep-th/0406117).

[5] Eylee Jung, SungHoon Kim and D. K. Park “proof of universality for the absorp-
tion of massive scalar by the higher-dimensional Reissner-Nordstrém black holes”,
Phy. Lett. B602 (2004) 105-111 (hep-th/0409145).

[6] Eylee Jung and D. K. Park, “Absorption and Emission Spectra of an higher-
dimensional Reissner-Nordstrom Black Hole”, Nucl. Phys. B717 (2005) 272-303 (hep-
th/0502002).

[7] Eylee Jung, SungHoon Kim and D. K. Park, “Ratio of absorption cross section
for Dirac fermion to that for scalar in the higher-dimensional black hole background”,
Phys. Lett. B614 (2005) 78-84 (hep-th/0503027).

[8] Eylee Jung, SungHoon Kim and D. K. Park, “Condition for Superradiance in
Higher-dimensional Rotating Black Holes”, Phys. Lett. B615 (2005) 273-276 (hep-
th/0503163).

[9] Eylee Jung, SungHoon Kim and D. K. Park, “Condition for the Superradiance
Modes in Higher-dimensional Rotating Black Holes with Multiple Angular Momen-
tum Parameters”, Phys. Lett. B619 (2005) 347-351 (hep-th/0504139).

[10] Eylee Jung and D. K. Park, “Bulk versus Brane in the Absorption and Emis-
sion: 5D Rotating Black Hole Case”, Nucl. Phys. B731 (2005) 171-187 (hep-th/0506204).

[11] Eylee Jung and D. K. Park, “Bulk versus Brane Emissivities of Photon Fields:

126



PUBLICATION LIST

For the case of Higher-Dimensional Schwarzschild Phase”, Nucl. Phys. B766 (2007)
269 - 283 (hep-th/0610089).

[12] Eylee Jung and D. K. Park, “Validity of Emparan-Horowitz-Myersargument
in Hawking radiation into massless spin-2 fields”, Mod. Phys. Lett. A22 (2007) 1635
- 1642 (hep-th/0612043).

[13] Eylee Jung, Mi-Ra Hwang, You Hwan Ju, D. K. Park, Hungsoo Kim, Min-Soo
Kim and Jin-Woo Son, “Amplitude Damping for single-qubit System with single-
qubit mixed-state Environment”, Journal of Physics A: Mathematical and Theoret-
ical, 41 (2008) 045306 arXiv:0705.3952 (quant-ph).

[14] Eylee Jung, Mi-Ra Hwang, Hungsoo Kim, Min-Soo Kim, DaeKil Park, Jin-Woo
Son and S. Tamaryan, “Reduced State Uniquely Defines the Groverian Measure of the
Original Pure State”, Physical Review A 77 (2008) 062317 arXiv:0709.4292 (quant-
ph): selected by APS and AIP for virtual journal of quantum information, june issue
(2008): selected by APS and AIP for virtual journal of NST, june issue (2008). (2008.
06)

[15] Eylee Jung, Mi-Ra Hwang, DaeKil Park, L. Tamaryan, S. Tamaryan, “Three-
Qubit Groverian Measure”, Quantum Information and Computation, 8 (No. 10)
(2008) 0925-0942 arXiv:0803:3311 (quant-ph). (2008. 11. 01)

[16] Eylee Jung, Mi-Ra Hwang, You Hwan Ju, Min-Soo Kim, Sahng-Kyoon Yoo,
Hungsoo Kim, DaeKil Park, Jin-Woo Son, S. Tamaryan and Seong-Keuck Cha,
“Greenberger-Horne-Zeilinger versus W states: Quantum teleportation through Noisy
Channels”, Phys. Rev. A 78 (2008) 012312 arXiv:0801.1433 (quant-ph): selected by
APS and AIP for virtual journal of quantum information, july issue (2008). (2008.
07)

[17] Eylee Jung, Mi-Ra Hwang, DaeKil Park, Jin-Woo Son and S. Tamaryan,
“Mixed-State Entanglement and Quantum Teleportation through Noisy Channel”, J.
Phys. A: Mathematical and Theoretical, 41 (2008) 385302, arXiv:0804:4595 (quant-
ph). (2008. 09. 26)

[18] Eylee Jung, Mi-Ra Hwang, DaeKil Park, and J. W. Son, “Three-Tangle for
Rank-3 Mixed States: mixture of Greenberger-Horne-Zeilinger, W and flipped W
states”, Phys. Rev. A 79 (2009) 024306, arXiv:0810.5403 (quant-ph): selected by
APS and AIP for virtual journal of quantum information, february issue (2009).
(2009. 02)

[19] Eylee Jung, Mi-Ra Hwang, DaeKil Park, Hungsoo Kim, Eui-Soon Yim, and

127



PUBLICATION LIST

Jin-Woo Son, “Attack of Many Eavesdroppers via Optimal Strategy in Quantum
Cryptography”, Phys. Rev. A 79 (2009) 032339, arXiv:0901.1932 (quant-ph): selected
by APS and AIP for virtual journal of quantum information, April issue (2009). (20009.
04)

[20] Eylee Jung, DaeKil Park and Jin-Woo Son, ¢ Three-tangle does not properly
quantify tripartite entanglement for Greenberger-Horne-Zeilinger-type states”, Phys.
Rev. A 80 (2009) 010301(R), arXiv:0901.2620 (quant-ph): selected by APS and AIP
for virtual journal of quantum information, July issue (2009). (published date: 2009.
07. 08)

[21] L. Tamaryan, Hungsoo Kim, Eylee Jung, Mi-Ra Hwang, DaeKil Park and S.
Tamaryan, “Toward an understanding of entanglement for generalized n-qubit W-
states”, will appear in J. Phys. A: Mathematical and Theoretical, arXiv:0806:1314
(quant-ph).

I1. Work in Progress and Work Submitted for Publication

[1] Eylee Jung, Mi-Ra Hwang, DaeKil Park and S. Tamaryan, “Three-Party En-
tanglement in Tripartite Teleportation Scheme through Noisy Channels”, submitted
to Quantum Information and Computation, arXiv:0904.2807 (quant-ph).

128



= 9] = ol A= pure FAFEN S} mixed FAFEH O] FAF ol th H 2 A
FAHREES nZ3A Tt E3] o8 3-qubit FAFENES] ]88 %At &3 mea-
sure2} Groverian YA &8 measureE A H o0 E FL5H 1, 723t AAES
local unitary ¥ zo 2 ZTHA3 Yo, L3 FAAE]S parameterE & o] F o] 2
ot o 71stet A o AEA S ook 22 FAF Aol thEk 7]sHekA 5
AL F2o® multi-party FAHGENS] G2 G ol thet 2 o] Qe ol & AlF st &
Ao AZkgitt & =AM s dA A3 FAF AP Y 7|5 A o n] & A4A 61
=3ATh Mixed FAFENS] H-¢ 2 89 =F oAl & Greenberger-Horne-Zeilinger
(GHZ)-, W-, 28] 2 F| F A A W-FAGENZ o] F 0] A rank-3 mixture®] ¢ resid-
ual entanglement &2 3-tangleg A ZH oz F3 L, o] AHE o] &3l Uut
2 9l Coffman-Kundu-Wootters inequality ¢l monogamy inequalityS 43} 93t}
8 WA oh e} GHZ A4 HE WO 2 ol 2ol S8 & mixtured] 7
5 3-tangleo] 1 FAF AFEi 9] tripartite FAF G AHE YERfA K3th=
A S ST o] AME S GHZ-GAGEl S 27 o] F0] X 58 3 mixtures-<
W-AEl £ 22 2 % optimal decomposition®] o] F o] A= A& o ujsic}. o] =2}
< 237t gujste 84 onle ofF F4dsHA gkon oz o] AFHA ot
E3] o] AL Acin o] F 2o ¥+l “3-qubit mixed W-FAHAFER A FHS 3-qubit
AA FAGE J oA non-zero measures ZHEt = AMNS Ho Ejdoz
olsfst=t AuteE AT Aoz st Ut

129



