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Background

The IntermediateMathematicalOlympiad and Kangaroo(IMOK)
arethefollow-up competitiongor pupilswho do extremelywell in
the UKMT IntermediateMathematicalChallenge(aboutl in 200
are invited to take part). The IMOK was established in 2003.

Therearethreewritten papers(Cayley, Hamilton, Maclaurin) and
two multiple-choice papers(the Pink and Grey Kangaroo). The
written paperseachtaketwo hoursand containsix questions.Both
Kangaroo papers are one hour long and contain 25 questions.

The Hamilton paperis for pupilsin: Y10 or below (Englandand
Wales); S3 or below (Scotland); School Year 11 or below
(Northern Ireland).
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Olympiad Hamilton Paper

All candidates must be inSchool Year 1QEngland and Wales),S3(Scotland), or
School Year 11Northern Ireland).

READ THESE INSTRUCTIONS CAREFULLY BEFORE STARTING

1. Time allowed: 2 hours.

2. The use of calculators, protractors and squared paper is forbidden.
Rulers and compasses may be used.

3. Solutions must be written neatly on A4 paper. Sheets must be STAPLED together in the top
left corner with the Cover Sheet on top.

4. Start each question on a fresh A4 sheet.
You may wish to work in rough first, then set out your final solution with clear explanations
and proofs.
Do not hand in rough work.

5. Answers must be FULLY SIMPLIFIED, and EXACT. They may contain symbols sueh as
fractions, or square roots, if appropriate, but NOT decimal approximations.

6. Give full written solutions, including mathematical reasons as to why your method is correct.

Just stating an answer, even a correct one, will earn you very few marks; also, incomplete or
poorly presented solutions will not receive full marks.

7. These problems are meant to be challenginglhe earlier questions tend to be easier; the last
two questions are the most demanding.
Do not hurry, but spend time working carefully on one question before attempting another.
Try to finish whole questions even if you cannot do many: you will have done well if you hand
in full solutions to two or more questions.

DO NOT OPEN THE PAPER UNTIL INSTRUCTED BY THE INVIGILATOR TO DO SO!

The United Kingdom Mathematics Trust is a Registered Charity.
Enquiries should be sent to: Maths Challenges Office,
School of Mathematics, University of Leeds, Leeds, LS2 9JT.

(Tel. 0113 343 2339)

http://www.ukmt.org.uk



Advice to candidates
Do not hurry, but spend time working carefully on one question before attempting
another.
Try to finish whole questions even if you cannot do many.

You will have done well if you hand in full solutions to two or more questions.

Answers must be FULLY SIMPLIFIED, and EXACT. They may contain symbols such
asa, fractions, or square roots, if appropriate, but NOT decimal approximations.

Give full written solutions, including mathematical reasons as to why your method is
correct.

Just stating an answer, even a correct one, will earn you very few marks.

Incomplete or poorly presented solutions will not receive full marks.

Do not hand in rough work.
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. How many four-digit multiples of 9 consist of four different odd digits?

. Aregular octagon with sides of lengdhis inscribed in a
square with sides of length 1, as shown.

Prove that? + 2a = 1.

. Kelly cycles to a friend's house at an average speed of 12 km/hr. Her friend is out, so
Kelly immediately returns home by the same route. At what average speed does she
need to cycle home if her average speed over the whole journey is to be 15 km/hr?

. Atriangle is bounded by the lines whose equationgate —-x — 1,y = 2x — 1and
y = k, wherek is a positive integer.
For what values df is the area of the triangle less than 20087

. Two congruent rectangles have a common
vertex and overlap as shown in the diagram.

What is the total shaded area?

. Find all solutions to the simultaneous equations

¥ -y = -5

2+ xy -y =5
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. An aquarium contains 280 tropical fish of various kinds. If 60 more clownfish were
added to the aquarium, the proportion of clownfish would be doubled.

How many clownfish are in the aquarium?

. Find the possible values of the digitendq, given that the five-digit numbeép543q’ is
a multiple of 36.

. In the diagramABCD is a rectangle wit®B = 16 cm and D F C
BC = 12 cm. PointsE andF lie on sidesAB andCD so that
AECF is a rhombus.

What is the length cEF?

. Four positive integers, b, ¢ andd are such that:

the sum ofa andb is half the sum of andd;

the sum ofa andc is twice the sum olb andd;

the sum ofa andd is one and a half times the sumbodindc.
What is the smallest possible valuesof b + ¢ + d?

. The diagram shows a triangf U inscribed P S
in a squard’QRS. Each of the marked
angles aP is equal ta30°.

Prove that the area of the trian§l€U is one
third of the area of the squaP@RS. u

Q T R

. Two different cuboids are placed together, face-to-face, to form a large cuboid.

The surface area of the large cuboid &f the total surface area of the original two
cuboids.

Prove that the lengths of the edges of the large cuboid may be lakelladdz, where
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. The sum of three positive integers is 11 and the sum of the cubes of these numbers is 251.

Find all such triples of numbers.

. The diagram shows a triangle and two of its angle &
bisectors.

What is the value aof?

e\
. The first and second terms of a sequence are added to make the third term. Adjacent
odd-numbered terms are added to make the next even-numbered term, for example,

first term + third term = fourth term
and third term + fifth term = sixth term.

Likewise, adjacent even-numbered terms are added to make the next odd-numbered
term, for example,

second term + fourth term = fifth term.
Given that the seventh term equals the eighth term, what is the value of the sixth term?
. The diagram shows a quarter-circle with ce@rand two B
semicircular arcs with diamete®A andOB.

Calculate the ratio of the area of the region shaded grey to
the area of the region shaded black.

o A

. The diagram shows three touching circles,
whose radii are, b andc, and whose centres

!
are at the vertice®, R andS of a rectangle ?
QRST. The fourth vertex of the rectangle lies
on the circle with centr&

Find the ratica: b : c. )
T

. In the diagram, the number in each cell shows the number of shaded
cells with which it shares an edge or a corner. The total ofallthe |2 |1 2
numbers for this shading pattern is 16. Any shading pattern obtaine
by rotating or reflecting this one also has a total of 16.

Prove that there are exactly two shading patterns (not counting 11211
rotations or reflections) which have a total of 17.




2008 Solutions

1. How many four-digit multiples of 9 consist of four different odd digits?

First solution

There are five odd digits: 1, 3, 5, 7 and 9.

The sum of the four smallest odd digits is 16 and the sum of the four largest is 24.
Hence the digit sum of any four-digit number with different odd digits lies between 16
and 24, inclusive.

However, the sum of the digits of a multiple of 9 is also a multiple of 9, and the only
multiple of 9 between 16 and 24 is 18. Hence the sum of the four digits is 18.

Nowl + 3+ 5+ 9 = 18, so that the four digitsanbe 1, 3, 5and 9. If 7 is one of the
four digits then the sum of the other three is 11, which is impossible. So 7 cannot be one
of the digits and therefore the four digits can only be 1, 3, 5 and 9.

The number of arrangements of these four digisis3 x 2 x 1 = 24. Hence there
are 24 four-digit multiples of 9 that consist of four different odd digits.

Second solution

The sum of all five odd digitsis+ 3+ 5+ 7 + 9 = 25.

Subtracting 1, 3, 5, 7 and 9 in turn we get 24, 22, 20, 18 and 16, only one of which is a
multiple of 9, namel\i8 = 25 — 7. Since the sum of the digits of a multiple of 9 is also
a multiple of 9, it follows that the four digits can only be 1, 3, 5 and 9.

The number of arrangements of these four digitsis3 x 2 x 1 = 24. Hence there

are 24 four-digit multiples of 9 that consist of four different odd digits.

2. Aregular octagon with sides of lengthis inscribed in a
square with sides of length 1, as shown.

Prove that® + 2a = 1.

First solution

Consider each of the four unshaded triangles. The angle at the vertex of a sgfare is
so each triangle is right-angled.

The marked angles in the left-hand diagram are both external angles of a regular
octagon, so each is equalitoc 360° = 45°. Hence each triangle is isosceles (since
sides opposite equal angles are equal).

1

Let the two equal sides of one of these triangles have lgngthshown in the right-
hand diagram.



From Pythagoras' theorem X+ X = a
so that 2¢ = &
a
and hence X = —.
V2
Now the side of the square has length 1, therefore
a+ 2x =1,
that is, a+ a2 =1,
or a2 =1-a
Squaring this equation we get
28 = 1-2a+a
and therefore a’+2a = 1
Second solution
We derive an equation farusing
unshaded area + area of octagon = area of the square. D

Consider each of the four unshaded triangles. The angle at the vertex of a sefifare is
so each triangle is right-angled.
The marked angles in the left-hand diagram are both external angles of a regular
octagon, so each is equalitoc 360° = 45°. Hence each triangle is isosceles (since
sides opposite equal angles are equal).
Therefore each of the four unshaded triangles is isosceles and right-angled, with
hypotenuse of lengta, so the four triangles can be reassembled to form a square of side
a(see below). Hence the unshaded area is eqaél to

C B

F G

1
Similarly, the four shaded triangles in the right-hand figure together have an afea of

The octagon comprises these four shaded triangles together with two rectabglés,
andBCFG, which overlap in the squatéVWX. Therefore the area of the octagon is

a® + areaADEH + areaBCFG — areal VWX,

But the two rectangles each have area 1 and the area of squatBVWX isa x a, so
that the octagon has area

a®+a+a-a =2a
Finally, the large square has area 1, so equation (1) gives

a®+2a =1
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3. Kelly cycles to a friend's house at an average speed of 12 km/hr. Her friend is out, so
Kelly immediately returns home by the same route. At what average speed does she
need to cycle home if her average speed over the whole journey is to be 15 km/hr?

First solution

Let the distance cycled to the housedtden; let the time taken on the journey to the
friend's house bg hours and let the time taken on the way back beurs.
From the given information about average speeds,

12 = d
ty
and 15 = 2d :
. + 6
These equations may be rearranged to give
12t, =d @
and 15t, + 15, =2d. 2

Substituting from equation (1) into equation (2), we get
15t1 + 15t2 = 24t1

so that ty = 3t
Then equation (1) gives 12 x 3t = d,
and hence 20 = 9

Thus Kelly's average speed cycling home is 20 km/h.

Second solution

Let the distance cycled to the housaddam; let the average speed for the journey home
bev km/h. Then from the information given

the time for the outward journey 1d_2 hours
. . d
the time for the homeward journey " hours

: : 2
and the time for the whole journey 1—: hours
Therefore we have
— +
12
which may be rearranged to give

d ,d_2
\Y

- 5
Hencev = 20 and Kelly's average speed cycling home is 20 km/h.



4. A triangle is bounded by the lines whose equationy are-x — 1,y = 2x — 1 and
y = k, wherek is a positive integer.
For what values df is the area of the triangle less than 2008?
Solution
The lines with equations = —x — 1andy = 2x — 1 intersect when
-X-1=2x-1,

from which X = 0,

so that the lines meet @, -1).

The liney = kintersects the ling = —x — 1 when
k = —x-1,

from which X = -k -1,
and the lingy = k intersects the ling = 2x — 1 when

k=2x-1

k+1

from which X = >

Thus the three intersection points éde-1), (-k — 1, k) and(&$L, k).
’ /

(-k-1k) (52 k)

X

(0’ _1)

Now the enclosed triangle has height 1 and ‘base’ equal to

k+1—(—k—1)=k+l+k+l
2 2
= $(k + D),

so the enclosed area is
ix3k+1 xKk+1
Therefore when the area is less than 2008,
3(k + 1)* < 2008,

8032
3

= 26773

Now51% = 2601 and52® = 2704 sothatk + 1 < 52, thatisk < 51. Hence the
possible values dfare given byl < k < 50.

S(k + 1%

so that k + 1? <
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5. Two congruent rectangles have a common

vertex and overlap as shown in the diagram.
What is the total shaded area?

Solution

Let the unknown side of the rectangle have lepgthd let one diagonal of the unshaded
guadrilateral have length as shown below.

Applying Pythagoras' theorem to the two unshaded right-angled triangles we get
¥ = 8+ (y- 27

and X = Y+ £

Eliminatex? from these equations to give

64 + (y — 2> = y + 16,

that is, 64 +V -4y + 4 =V + 16,
which rearranges to 52 = 4y
and hence y = 13

Now the shaded area is equal to twice the area of one rectangle minus twice the area of
the unshaded region, that is,

2(8x 13) - 2(; x 8 x 11 + § x 4 x 13) = 68.
Hence the total shaded area equals 68.
Find all solutions to the simultaneous equations

¥ -y = -5
2 +xy -y =5

First solution
We may rewrite the given equations by factorising the left-hand sides:

X-yx+y =-5 D

(X -yx+y =5 2)
Since-5is non-zero, we may divide (2) by (1) to get



X -y -1
X-Yy
which rearranges to 2X -y =Yy -X
and hence X = 3y.
Now substitutex = 3yinx? — y* = —5to obtain
& -y = -5
so that V=9
and hence y = £3

Sincex = 2%y we deduce that the equations have two solutions:
X=2y=3 and x=-2y= -3

Second solution
The given equations are

X -y = -5 3
2¢ +xy -y =5 (%)
Adding (3) and (4) we get
3 +xy-2 =0
which factorises to (Bx—2y)(x+y =0
He_nczex = %yorx = -y. But, from equation (3), we know # —y so we have
)éubsii);.ute( = 2yin (3) to obtain
-y =5
so that ¥ =9
and hence y = £3

Sincex = 2y we deduce that the equations have two solutions:

X=2y=3 and x=-2y= -3

11
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2009 Solutions

1. An aquarium contains 280 tropical fish of various kinds. If 60 more clownfish were

added to the aquarium, the proportion of clownfish would be doubled.

How many clownfish are in the aquarium?

Solution

Let there bex clownfish in the aquarium.

If 60 clownfish are added there ate+r 60 clownfish and 340 tropical fish in total.
Since the proportion of clownfish is then doubled, we have

X X + 60
2 X — = .
280 340
Multiplying both sides by 20, we get
X _ X+ 60
7 17
and hence
17x = 7(x + 60).

It follows thatx = 42 and thus there are 42 clownfish in the aquarium.

. Find the possible values of the digitandg, given that the five-digit numbep543q’ is

a multiple of 36.

Solution
Since'p543q’ is a multiple of 36 it is a multiple of both 9 and 4.

The sum of the digits of a multiple of 9 is also a multiple of 9, hence

p+5+ 4+ 3+ qisamultiple of 9. Bub + 4 + 3 = 12 and each gbandqis a
single digit, sothgd + g = 6 andp + q = 15are the only possibilities.
Since'p543q’ is a multiple of 4 antp5400’ is always divisible by 4, it follows thaBq’
is divisible by 4. The only possible values f8q’ are 32 and 36, so that= 2 or

q = 6.

If g = 2, thenp + q
and sp = 4.

If g = 6,thenp + q = 6is not possible sincg>43q' is a five-digit number and
therefore the digip cannot be zero. Henpe+ q = 15and s@ = 9.

Thereforep= 4, qg=2andp =9, g= 6 are the only possible values of the digitndg.

15is not possible singeis a single digit. Hence + g = 6
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In the diagramABCD is a rectangle withB = 16 cmand D F C
BC = 12 cm. PointsE andF lie on sidesAB andCD so that
AECF is a rhombus.

What is the length dEF?

A E B
Solution
Let the sides of the rhomb&A&CF have lengthx cm. HenceAE = x andEB = 16 — x.
SinceABCD is a rectangle, angEBC is a right angle.
D F C

12

5
A X E16-x B

16

Using Pythagoras' theorem in trianglBC, we haveAC? = 162 + 122 = 400, so that
AC = 20cm.

Using Pythagoras' theorem in trian@BC, we have
EC® = CB + EB’
and hence
X = 12% + (16 — x)?,
which can be rearranged to give
X = 144 + 256 — 32x + X
It follows that

32x = 400
and so
25
X = —.
2

We may now proceed in various ways; we show two different methods.

First method
LetM be the point of intersection of the diagonals D F C
AC andEF of AECF. SinceAECF is a rhombus,
angleFMC is a right angle anill is the mid-point
of bothAC andEF.
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Using Pythagoras' theorem in trian§l®IC, we have
CF? = (3AC)* + (3EF)

and hence

2
(é) 107+ (3EF)*.
It follows that

625 = 400 + EF2

and so

EF
Therefore the length &F is 15 cm.

15.

Second method
We make use of the fact that
area of rhombusECF = area of rectanglaBCD — 2 x area of triangl&BC.

Now the area of a rhombus is half the product of its diagonals. Also, the area of triangle
EBCisiEB x BC andEB = 16 — 2 = 4. We therefore have

$AC x EF = 16 x 12 — 5 x 12,
Hence

10 x EF = 192 - 42 = 150

and so

EF
Therefore the length &F is 15 cm.

15.

Remark

Another method uses Pythagoras' theorem in the right-angled trizglshown
below.
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4. Four positive integers, b, c andd are such that:
the sum ot andb is half the sum of andd;
the sum ok andc is twice the sum ab andd;
the sum of andd is one and a half times the sumbadndc.
What is the smallest possible valueaof b + ¢ + d?

Solution

There are three equations here but four unknown vauesg andd. Thus it is not
possible just to solve the equations to find the valueshyfc andd. What we can do is
to find relationships between them and then deduce possible valds ofindd.

From the given information,

a+b=1%c+d 1
a+c=2(b+d 2
a+d=3b+ o). 3

We may proceed in various ways; we show two methods, substitution and elimination.

First method substitution
From (1), we have

a=-b+3(c+d. 4)

Substituting in (2), we get

-b+3c+d+c=20b+d
and hence
k-3 - b,
that is,
c—-d=2h 5)
Substituting from (4) in (3), we get
-b+3c+d +d=3(b+0
so that
-c+3d = 3b (6)
Now adding (5) and (6) we obtain
W - 5

and hence



Once we have minimisdal + d, then we automatically minimise+ c, because of
equation (2), and hence minimise the sum we are interested in.

Sinceb andd are positive integery, = 1andd = 9 are the smallest possible values
withd = 9b. From (5) and (4), we see that the corresponding valueartda are
c = 1llanda = 9, both of which are also positive integers, as required.

Checking these values in equations (1) to (3), we confirm that they are valid solutions of
the given equations.

Hence the smallest possible valueaof b + ¢ + dis 30.

Second methoelimination
We may rearrange the three equations (1), (2) and (3) to give

2a+2b=c+d @
a+c=2b+2d (8)
2a+ 2d = 3b + 3c. 9
Adding (7) and (8), we get
Ja+2b+c=2b+c+ 3
and hence
a=d

Then (7) and (9) may be rewritten

2b-c+d=0. (10)
and
3 +3c-4d = 0. (11)
Now adding3 x (10) and (11), we obtain
%-d=0
and hence
d = %.

The solution now proceeds in the same way as the first method.
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5. The diagram shows a triand®@ U inscribed P S
in a squard*’QRS. Each of the marked
angles aP is equal t80°.

Prove that the area of the trian§E€U is one
third of the area of the sqQuaP®RS U

Q T R

First solution
LetQT = x, sothatPT = 2x, since triangld°TQ is half an equilateral triangle.

P S
/
/
/
/
/
/
/
/2x §]
/
/
/
i [
Q x T R

Using Pythagoras' theorem in trian§l€Q, we get

PQ2 - PT? - QT2
29° - X
3X2

and hence

PQ = /3
We can now find the areas of the three unshaded right-angled triangles.
Area of trianglePQT = 3 x x x /3

.

|G

Similarly,

area of triangl®3U

|G
o

Finally,

x (V3x = %) x (V3x - x)
(32 - 23 + x9)

= 2¢ - V3¢

N

area of triangld RU =

|
NI

Therefore the total unshaded area is

§x2+§x2+2x2—\/§x2= 22
However, the area of the squﬂ@RSis(\/ﬁx)z = 3% It follows that the shaded area
is x2, which is one third of the area of the square.
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Second solution
Let the sides of the squaR®RS have lengtlx.

P S
X U
1
Q T R
Then in trianglePQT we have
X
cos30° = —
PT’
and hence
X
PT = .
cos30°

Now by symmetnyPU = PT so that

area of triangl®TU = 3PT x PU sinZTPU

1.0 SIN30°
= 1x .
2% cog230°

Now cos30° = ¥ andsin30° = 3. Therefore

area of triangl®TU = 3x* x

N[N

— 142
=

Hence the area of the triand® U is one third of the area of the squBERS.
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6. Two different cuboids are placed together, face-to-face, to form a large cuboid.
The surface area of the large cuboid @ the total surface area of the original two
cuboids.

Prove that the lengths of the edges of the large cuboid may be lahgltiz, where
2 1 1

z Xy

First solution

Since the two cuboids are placed together, face-to-face, to form a large cuboid, two of
the edges have the same lengths. Let these common lengthadhe and let the other
edges of the two cuboids have lengthandz, as shown.

Zl y
¥4

Now the surface area of the large cuboigl d the total surface area of the original two
cuboids. Therefore

2Dy + x(z + 2) + y(z + 2)] = §[200 + 2x + 2Y) + 2(xy + 2 + 2Y)]

so that

3[2y + x(z + 2) + y(z + )]

4lxy + x(z + ) + y(z + 2]

and hence

X(zo + 20) + y(zs + 2),

2xy
that is,

2y = (x +y)(z + z).

Nowz, + 2z = z wherezis the edge length of the large cuboid. Therefore

Xy = (X +Yy)z
which may be rearranged to give
2 _ x+y
z Xy
1 1
= —+ -
y X

Hence the lengths of the edges of the large cuboid may be laksiladdz, where

2 1 1
-+ =
z Xy
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Second solution
Let the large cuboid have dimensiofy andz, as shown.

Now the total surface ardaof the two original cuboids is equal to the surface area of
the large cuboid added to the area of the two faces which are joined together. But the
surface area of the large cuboidTs hence the area of the two faces which are joined
together istT, that is } of the surface area of the large cuboid.

Therefore

2xy = 2(2xy + 2yz + 2z
so that

Bxy = 2Xy + 2yz + 2z
and hence

2Xy = yZ + ZX.
Dividing by xyz, we obtain, as required,

2 1

1
- ==+ =
z X vy
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2010 Solutions

1 The sum of three positive integers is 11 and the sum of the cubes of these numbers is 251.

Find all such triples of numbers.

Solution
Let us calculate the first few cubes in order to see what the possibilities are:

121 22=8 3 =27 £ =64 5 =125 6 = 216 and7° = 343, (x)
The sum of the cubes of the positive integers is 251, which is less than 343, hence none
of the integers is greater than 6.
Now & = 832 > 64 = 43 therefore at least one of the integers is 5 or more.

If one of the integers is 6, then the other two cubes add 2fite 6° = 251 — 216 = 35.
From (*) above3® + 22 = 27 + 8 = 35is the only possibility. Also,
6 + 3+ 2 = 1lsothat6, 3and 2 is a possible triple of numbers.

If one of the integers is 5, then the other two cubes add up to
251 - 5% = 251 - 125= 126. From (*) aboveés® + 1% = 125 + 1 = 126is the only
possibility. Also,5 + 5+ 1 = 1l1sothat5, 5 and 1 is a possible triple of numbers.

Hence 2, 3, 6 and 1, 5, 5 are the triples of numbers satisfying the given conditions.

2 The diagram shows a triangle and two of its angle
bisectors.

What is the value of?

e

Solution

Let the sum of the two unlabelled angles in the smaller triangye een the sum of the
two unlabelled angles in the whole triangle is equayto

The sum of the angles in a trianglel&)°, hence in the small triangle

2xX +y = 180 (2.1
and in the whole triangle

X + 2y = 180. (2.2)

Doubling equation (2.1) and subtracting equation (2.2), w&get 180 and thus
x = 60.
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3 The first and second terms of a sequence are added to make the third term. Adjacent
odd-numbered terms are added to make the next even-numbered term, for example,

first term + third term = fourth term
and third term + fifth term = sixth term.

Likewise, adjacent even-numbered terms are added to make the next odd-numbered
term, for example,

second term + fourth term = fifth term.
Given that the seventh term equals the eighth term, what is the value of the sixth term?

Solution

Leta be the first term of the sequence dntthe second term. Thus the first eight terms
of the sequence are:

aba+b 2a+b 2a+ 2b, 3a+ 3b, 5a+ 4b, 7a + 6b.

The seventh term equals the eighth term, hé&ace 4b = 7a + 6b. Therefore
2a+ 2b = Oand s = -bh.

Hence the value of the sixthterm3s + 3b = -3b + 3b = 0.

4 The diagram shows a quarter-circle with cer@@rand two B
semicircular arcs with diamete@A andOB.

Calculate the ratio of the area of the region shaded grey to
the area of the region shaded black.

Solution

Let 2r be the radius of the quarter-circle. Hence the radius of each semicircl& i@
diagram is divided into four regions; let their areasXb¥, Z andT, as shown below.

B
ZA
e) 2r A

The area of the quarter-circlejs (2r)> = zr? The area of each semicircledisr?.
HenceX + Z = jar?

However, the area inside the quarter-circle but outside one semicircle is
ar? — 3ar? = Sar?, This meansthaX + T = 3ar?.

ThereforeX + T = X + Z. We conclude thal = Z, so that the areas of the shaded
regions are equal.

Thus the ratio of the area of the region shaded grey to the area of the region shaded black is
1:1.



5 The diagram shows three touching circles,
whose radii ar@, b andc, and whose centres

are at the vertice®, RandSof a rectangle !

QRST. The fourth verteX of the rectangle lies Y

on the circle with centr&

Find the ratica: b : c. )
.

Solution
In the rectangl®RST, we haveQR = TSand hence

a+b=c (5.1

In the right-angled triangl®RS, by Pythagoras' Theore®S = QR? + RS. But
QS=a+c QR = a+ bandRS = b + c, therefore

@+c’=(@+hb+ b+’ (5.2)
Substituting fora from equation (5.1) into equation (5.2), we get
(2c — b> = ¢ + (b + c’.

Thus
4> — dbc + % = ¢® + b% + 2bc +
so that
2¢° -~ 6bc = 0
and hence
c(c - 3h =0.

Butc # 0, hencec = 3b. Again from equation (5.1% + b = 3band thusaa = 2b.

Therefore theratia:b:c=2:1:3.
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6 In the diagram, the number in each cell shows the number of shaded

with which it shares an edge or a corner. The total of all the numbers
this shading pattern is 16. Any shading pattern obtained by rotating ¢ 3 | 2 | 2
reflecting this one also has a total of 16. 11211

Prove that there are exactly two shading patterns (not counting rotations
or reflections) which have a total of 17.

Solution

Whenever a cell is shaded, one is added to all the cells with which it shares an edge or
corner. So consider an alternative numbering system: in each shaded cell write the
number of cells with which it shares an edge or corner; leave each unshaded cell blank.
For example, for the shading pattern given in the question we obtain:

5
8

3

This is equivalent to the original numbering system; in particular, the total of all the
numbers is the same.

Now a shaded corner cell has 3 adjacent cells; a shaded edge cell has 5 adjacent cells; the
shaded central cell has 8 adjacent cells. Thus the total of all the numbers for a shading
pattern is made up solely by adding multiples of 3, 5 and 8.

For a3 x 3 diagram the available numbers are therefore: four 3s, four 5s and one 8.

If the 8 is used, a remaining totalldf — 8 = 9is required. The only way to attain 9 is
to use three 3s.

If the 8 is not used, since 17 is not a multiple of 3 at least one 5 is needed. Now
17-1x5=12,17- 2x5=7and17 - 3x 5= 2, but neither 7 nor 2 is a multiple of 3. So the
only possibility is to use one 5 and then a remaining total of 12 is required. The only way to
attain 12 is to use four 3s.

Thus the only possibilities are: 3, 3, 3, 3, 5 and 3, 3, 3, 8. Both of these are possible
using the available numbers. What are the corresponding shading patterns?

3/5]3 3 3

3 3 3

The diagrams above give examples of the only possible shading pattern for each set of
numbers—all others are rotations of one of these. In the first case, the four corners are
shaded to obtain four 3s, then there is only one way, up to rotation, to shade an edge cell
to obtain the 5. In the second case, the centre is shaded to obtain the 8, then there is only
one way, up to rotation, to shade three corner cells to obtain three 3s.

Therefore there are exactly two shading patterns with a total of 17.



